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Section 9 contains additional results on the paper, in particular on setups with heterogeneous
agents, endogenous attention, and mental accounts. Section 10 gives much more detail on the
Mirrlees model. Section 11 contains proofs not included in the main paper. Sections 12 and 13

gives complements to consumer theory, with linear and nonlinear budget constraints respectively.

9 Additional Results

9.1 Complements on optimal tax with heterogeneous agents
9.1.1 Calibration: Optimal Ramsey tax with heterogeneous agents

Here we provide details to the calibration done in Section 3.1
With heterogeneous agents, the misperception is distributed as a 2-point distribution with the

following properties:

1 with probability p

Sl

a with probability 1 —p

with a € [0, 1], and

E[m! =px1+(1—p)xa=025
E[(m™)? =p x 14 (1 — p) x a® = 0.25% +0.13.

These equations are satisfied at p = .1877 and a = .0767. We then take equation (11), with

h
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This yields:
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where 7, € {p, (1 —p)} is the fraction of agents of each type. Assume values 1 —3 = A = 1.25% and
¥; = 1. Then, under the case with heterogeneity (p = .1877 and a = .0767), we have ;— = 0.073, or

7.3%. Under homogeneity with the same average misperception m? = .25 for all agents, ;—"*_ = 20.28,

for a ratio.2028/.073 = 2.78. When the taxes are fully salient, so m? = 1 for all agents, then the
optimal tax is 1.27%, giving a ratio .0127/.073 = .174.

Y

9.1.2 Optimal taxes with default tax perceptions and heterogeneous agents

lity wh(c) = o R wi i utility Uh(ch) = “e—a(e@)?
Agent h has utility u"(c) = ¢ + >, U"(¢}'), with quadratic utility U"(¢}) = o

are heterogeneous in attention m! and default taxes Tl-d’h. In particular, agent h perceives tax as

. Agents

Tf’h =mlr + (1 — m?)Tid’h. Each agent has the same social welfare weight .
The demand for good i is (r;) = a” — W' (p; + 7" (7).
The Ramsey planning problem is

max  L(7)

where

oL < p Oct act A A_Oc}
‘ ,YZ <Uh =P+ 7)o — () + ;ci (i) + ;Tza_ﬂ> =0

Let A’ = /v — 1, and note that dc'/01; = U'm! we can rewrite the FOC as:

((—ah _ch @) it A'n) (— ) + A’cf‘(n))

(72" 4+ A7) (~Whml) + Na" = (s + 7 (7))

7

(—\Ifhm?(m? + A7y — Ul (1 — m) ™ Nah — Ohp) — AU mlry — AT (1 — mh)
<—\Ilhm?(m? +20) 7 — U1 — mMy(ml + AT+ N e — \Ifhpl-]>

B[ ml (] + 20')]7; + B[ (1 = m)(m! + N)r] = MEla" — "p]) =0
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We can solve explicitly for optimal Ramsey tax in this case:

_ ANE[d" — U'p)) — E[¥"(1 — m})(m} + A)7"]
N E[Whmbk(mh + 2/\)]

T;

9.1.3 Pigouvian Nudges with heterogeneous agents

We start with the Pigouvian example of Section 3.2. There is only one taxed good n = 1. We use
the specialization of the general model developed in Section 2.7. We assume no redistribution or
revenue-raising motives (v = " = \).

We model the nudge as a psychological tax, as in Section 2.4. Agent h’s demand is given by
argmax, U (¢) — (p—i—nhx) ¢, where x is the nudge and 7" is the agent’s nudgeability. We use
quadratic utilities, exactly as in the Pigouvian taxes of Section 3.2. The demand of a consumer
can then be expressed as ¢ (1,x) = a" — ¥ (p + nhx) , where 1" is the nudgeability of agent h. We
apply the optimal nudge formula (9).

When the nudge is the only instrument, the optimal nudge is

_E[g"] _E[¢E "] +cov (¢".0")
E [nﬂ E [n"]* + var [n"]

; (44)

where again E denotes the average over agents h.57
Heterogeneities in nudgeability determine how well targeted the nudge is to the internality /externality.
The optimal nudge is stronger when it is well-targeted, in the sense that nudgeable agents are also

those with high internality/externality (higher cov (Sh,nh)). The optimal nudge is weaker when
there is more heterogeneity in nudgeability (higher var [nhﬂ ).68

9.1.4 Nudges vs. Taxes with Redistributional Concerns

Jointly optimal nudges and taxes We next consider the optimal joint policy using both
nudges and taxes. We only highlight a few results; more results can be found in the online appendix

(Section 9.1.4). We again normalize p; = 1. One can show that

0*L 1
1Y = _E]E [(/\ - /yh (1 - mh)) nh} :

As a result, if ¥ = X so that there are no revenue raising or redistributive motives, then taxes and
nudges are substitutes. Taxes and nudges are complements if and only if E [()\ —~h (1 — mh)) nh] <

0. Nudges and taxes can be complement if social marginal utility of income 7" and nudgeability

6"The intermediate steps are as follows. Using cZ = —Uph, 7 = 0,7%" = 75" — xnh, we get 2k (r,x) =

ox
S, [V — Ar€h — ghrbh] Lk = AT, [0 — 7XR 4 x] Tt
58Some recent studies study the demographic covariates of nudgeability (Chetty et al. (2014), Beshears et al.
(2016)), and it would be good to measure the covariance between nudgeability and internality.
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n" are positively correlated. Loosely speaking, if poor agents (with a high +") are highly nudge-
able, then taxes and nudges can become complements, because in that case, nudges reduces the
consumption of poor nudged agents, thereby improving the redistributive incidence of the tax. We

next state the exact values of taxes and nudges, in the case 4" = \.%

Proposition 9.1 Assume " = \. Then jointly optimal nudges and taxes are given by the following

formulas

E (] E [r4m) - B[] E [r]

|
E (") E[(m")?] — E[phmt)”

B [ E [(m'] — E [ E ]
2|E

E (")) E [(m")?] — (E [*m"))*

The more powerful the nudge is for high-internality agents (the higher is E [ Xoh h] keeping

X:

all other moments constant), the more optimal policy relies on the nudge and the less it relies
on the tax (the higher is y, the lower is 7). Symmetrically, if the better perceived is the tax by
high-internality people (the higher is E [TX’hmh]), the more optimal policy relies on the tax and
the less it relies on the nudge.

The more heterogeneity there is in the perception of taxes (the higher is E [(mh)z], holding all
other moments constant), the less targeted the tax is to the internality /externality, and, as a result,
the lower is the optimal tax 7, and under certain conditions, the higher the optimal nudge y.™
Similarly, the more heterogeneity there is in nudgeability (the higher is E [(n")?], holding all other
moments constant), then lower is the optimal nudge y, and, under similar conditions, the higher is

the optimal tax 7.

Nudges vs. taxes We now ask how to choose, if one must, between nudges and taxes. We
could analyze this question using the model outlined just above, comparing the relative merits of
nudges and taxes in terms of internality targeting and redistributive incidence. Instead, we choose
to investigate this question in the context of a model with no heterogeneity, but where the nudges

are potentially aversive.

%Tn the general case, with the notation oy z = cov (Yy, Zy) :

E {’yh hﬂ E [)\ Xhmh 0, C/g,] - E [vhnhmh] E [)\TX’hnh]

T= ,

E [vhnh } E [v”mh - me} — E[yhnhmh] E [yhntmh — o, ]

E [/\TX’hnh} E {%th — aym} —-E [)\ Xhh o, C/\p] E ['yhnhmh — 0, 77]

X =
E [v”nﬂ E [vhmhz - U'ym} = E [yun"m"] E [y'phm" — o, ]

"OThe condition is E [TX’hmh] E {nhﬂ >E [TX’hT]h] E [nhmh]. It is verified if n, m", 75" are independent.
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We augment the example of Section 3.4 with aversive nudges. We use the same quadratic utility
functions as in Section 3.5. We use the nudge as a tax model developed in Section 2.4. We again
normalize p; = 1.

For concreteness, we interpret the harmful good (good 1) as cigarettes. We extend the model
to account for the possibility that the nudge may directly create an aversive reaction (perhaps via
a disgusting image of a cancerous lung), which we capture as a separable utility cost t"x¢; so that
experienced utility is now

u” (c,x) = u” (c) — Sy,

where " xc; is the nudge aversion term. And we assume that there is no heterogeneity across agents.
The next proposition formalizes how nudge aversion changes the relative attractiveness of nudges
vs. taxes. The planner must choose between two instruments to discourage cigarette consumption:

a weakly positive tax (7 > 0) or an aversive nudge (x > 0).

Proposition 9.2 (“Nudge the poor, tax the rich”) Consider a good with a “bad” internality (e.g.
cigarettes). Suppose that at most one of two instruments (nudges and nonnegative taxes) can be
used to correct this internality. And suppose that there is no heterogeneity across agents. Then an
optimal taz is superior to an optimal nudge if and only if

Aol kAt

> . (45)

This proposition captures a new interesting trade-off between taxes and nudges. Both taxes and
nudges correct internalities. But taxes also raise revenues on the agents consuming the good under
consideration, which is desirable if A\ > v" but undesirable if A\ < 4"*. Nudges do not raise revenues,
and instead directly reduce utility.

When A > +", taxes dominate nudges as taxes have desirable side effects by raising revenues
while nudges have adverse side effects by reducing utility. But when A < ~" taxes and nudges
both have undesirable side effects. Taxes dominate nudges when the desire to redistribute income
towards agents consuming the good associated with the internality is weak (y"— \ is low), and when
these agents are attentive to the tax (m” is high). Nudges dominate taxes when nudge aversion is
low (" is low) and when agents are easily nudged (n" is high).

See section 9.5.4 for more details on optimal nudges and taxes.

9.1.5 Discouragement formula

In the traditional model without behavioral biases we can use the symmetry of the Slutsky matrix

S™h to write T - S = > Tj,S';’ih as - S = > TjS:J?h. We can then rewrite the optimal tax

26



formula of Proposition 2.1 in “discouragement” form as

-3, 78" 5 h [ch
—Zhd' 7Y =1 % — CO'U(WT, C? )7 (46)

Ci

The left-hand side is the discouragement index of good ¢, which loosely captures how much the con-
sumption of good ¢ is discouraged by the taxes 7; on all the different commodities j. The right-hand
side indicates that in the absence of distributive concerns (homogenous 4" = ), all goods should be
uniformly discouraged in proportion to the relative intensity 1 — } of the raising revenue objective.
With redistributive concerns (heterogenous v"), goods that are disproportionately consumed by
agents that society tries to redistribute towards (agents with a high v") should be discouraged less.

9.2 Complements on Endogenous Attention: Attention as a good
9.2.1 Interpreting attention as a good

To capture attention and its costs, we propose the following reinterpretation of the general frame-
work. We imagine that we have the decomposition ¢ = (C, m), where C' is the vector of traditional
goods (champagne, leisure), and m is the vector of attention (e.g. m; is attention to good 7). We call
I€ (respectively I™) the set of indices corresponding to traditional goods (respectively attention).
Then, all the analyses and propositions apply without modification.

This flexible modeling strategy allows us to capture many potential interesting features of atten-
tion. The framework allows (but does not require) attention to be chosen and react endogenously
to incentives in a general way (optimally or not). It also allows (but does not require) attention to
be produced, purchased and taxed.

We find it most natural to consider the case where attention is not produced, cannot be pur-
chased, and cannot be taxed. This case can be captured in the model by imposing that p;, =7, =0
fori e I'™.

It is useful to consider two benchmarks. The first benchmark is “no attention cost in wel-
fare,” where attention is endogenous (given by a function m(q,w)) but its cost is assumed not
to directly affect welfare so that w(C,m) = U(C). For instance, as a decision vs. experi-
enced utility generalization of the example of the previous paragraph, we could have m (q,w) =
arg max,, u® (C (g, w,m),m), where u®* (C,m) = U (C) — g(m), but still u(C,m) = U(C). In
that view, people use decisions heuristics that can respond to incentives, but the cost of those
decision heuristics is not counted in the utility function. In this benchmark, we have 77 = 0 for
1e ™.

The second benchmark is “attention cost in welfare”. For simplicity, we outline this case under
the extra assumption, which is easy to relax, that attention is allocated optimally. We suppose

that there is a primitive choice function C(g,w, m) for traditional goods that depends on attention
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m= (mq,...,my) so that ¢(q,w,m) = (C(q,w,m), m).”™ Attention m= m (q,w) is then chosen
to maximize u (C (g, w, m) ,m). This generates a function ¢ (q,w) = (C(q,w,m (q,w)), m(q,w)).
In that benchmark, attention costs are incorporated in welfare.” For instance we might consider a
separable utility function u (C,m) = U (C) — g (m) for some cost function g (m). A non-separable
u might capture that attention is affected by consumption (e.g., of coffee) and attention affects
consumption (by needing aspirin).

The tax formula (7) has a term (7—7""). 8" = Dokermyre(Th — 70M 8" a sum that includes
the “attention” goods k € I"™. As attention is assumed to have zero tax, we have 7, = 0 for k € I"™.
The term ?,S’h, which accounts for potential misoptimization in the allocation of attention, requires
no special treatment. However, two polar special cases are worth considering that simplify the
calculations. First, consider the “no attention cost in welfare” case. In this case we saw that ?,f’h =0
for k € I'™. Together with 7, = 0 for k € I'", this implies that (7—7"").S%" = Y kerc (Te—70 M) SEh
is the sum restricted to commodities. Second, consider the “optimally allocated attention” case.
Then (see Proposition 9.4) (1 — 7). 8" = Y kel (S = 70" ) where Sﬁn}; is a Slutsky

matrix holding attention constant, which is in general different from Sic’h. For tax revenues, the full
Slutsky matrix, including changes in attention, matters (the term TkS,S;’h). However, for welfare,
when attention is assumed to be optimally allocated, it is the Slutsky matrix holding attention

C,h

constant that matters (the term ?,f’hS ’

ki|m>' This is a version of the envelope theorem.

Characterizing optimal allocation of attention Suppose that we have a constraint: ¢ =¢(p, w, 0)
for some parameter §. For instance, suppose that ¢(p,w,0) = (C (p,w,m(0)),m(0)); when
m () = 0, we're considering the potentially optimal allocation of attention, as attention affects
directly the choice of goods. If m= (my, ms, m3) = (01, 6,,05), we captures that the attention to
goods 2 and 3 have to be the same.™
Proposition 9.3 (Characterizing optimal allocation of attention) The first order condition for the

optimal allocation of parameter 0 (i.e., 0 (p,w) = argmaxy u (¢ (p,w,))) is:

T ¢y (p,w,0) = 0. (47)

"IFor instance, in a misperception model, attention operates by changing the perceived price g* (g, w, m) which
in turn changes consumption as C(q,w,m) = C®(q, q° (q,w,m) ,w).

"2The first order condition characterizing the optimal allocation of attention can be written as T “Cm, (@, w,m) =0
for all j € {1,...,4}. This condition can be re-expressed more conveniently by introducing the following no-
tation: we call k(i) the index k € I™ corresponding to dimension ¢ € {1,..., A} of attention. We then get
> icrc Time]. (q,w,m) + T,i’(j) =0 forall j€{1,.., A}

"In a model of noisy decision-making & la Sims (2003), the same logic exactly applies, except that quantities
are generally stochastic. The consumption is a random variable ¢ (p,w, ), where € indexes noise, rather than a
deterministic function. Then, utility is U (¢ (p,w)) = E [u (¢ (p, w,£))], S¥ (p,w) is likewise a random variable. We
do not pursue this framework further here, at it is hard to solve beyond linear-quadratic settings, e.g. with Gaussian
distribution of prices — which in turn generates potentially negative prices.

b
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Proof The FOC is u.cy = 0. We note that B.-cy = 0 by budget constraint: B (¢ (p, w,0)) = w.
So,

Tb-ce _ (Bc— UC(Cap)) ey = _uc (Cap) -C@)
Uy (P, ) Uy (P, w)

so that 7° - ¢y = 0 if and only if u. - ¢cg = 0. O

Proposition 9.4 (Value of D; when attention is optimal). When attention is of the form c (p, w, ) =
(C (p,w,m (0)),m(0)), and is optimally chosen, then

—D; = TIE;- -Cy, (p,w, m)

|m=m(0(p,w))

H c
=T Siim (p, w, m)|m:m(9(p,w)) =7¢- Siim (p, w, m)|m:m(9(p,w)) :
uc(C,m) H

where 7% = B (C,p) — ora (p0) 18 the behavioral wedge restricted to goods consumption, and Sj|m

and Sﬁm are the Slutsky matrices Sf and Sjc holding attention constant, i.e. associated to decision

C (p,w, m) with constant m = m (0 (p,w)).
Proof We have

_Dj = Tb ’ cpj (p7w79) - Tb ’ [(ij (p7w7m) 70) + ¢y (p7w79> epj (p7w)}

=7b. (ij (p,w,m) ,0) as 10

(T(::?TI:n) ' (ij (pvwam) 70) = TI; ' ij (p7w7m) = TI; : S]C[m = TI; ’ Sjl_\lm

-(39:0

“No attention cost in welfare” benchmark Another benchmark is the “no attention cost
in welfare”, i.e. the cost of attention is not taken into account in the welfare analysis. Suppose
that attention m just moves with prices, but as an automatic process whose “cost” is not counted:
that is, u (C,m) = u(C) and attention has 0 price, p,, = 0. This is the way it is often done
in behavioral economic (see however Bernheim and Rangel (2009)): people choose using heuristics,
but the “cognitive cost” associated with a decision procedure isn’t taken into account in the agent’s

welfare (largely, because it is very hard to measure, and that revealed preference techniques do not

apply).

Proposition 9.5 (Value of D; in the case of fixed attention, and the case of “No attention cost in

welfare”). In the “fized attention” case and the “No attention cost in welfare”case
-D; = (TbC,O) . SJH (p,w) = Z"'%Sg = (TZ,O) . SjC (p,w) = (TbC,O) -¢; (p,w).
i=1

This is, only the components of T° and the Slutsky matriz linked to commodities matter.

Proof
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We have 70 = (72, 78,) = (72,0) as uy = 0. So, =D; =7+ 87 (p,w) = 7% - 8¢ ;. O

Misperception example In the misperception model with attention policy m (p,w), we

have:

c(p,w) = (C’ [p,p’ (p,w,m (p,w)),v (p,w)],m(p,w)).

When attention is optimally chosen, we can apply Proposition 9.4 with m (6) = 6. This gives:
—-D; =715 - Sg;m with
Sgﬂm = STp;j (p> w, m) ) (48)

i.e. the Slutsky matrix has the sensitivity with fized attention. Hence, we have both —D; =
T%-S]H’m when attention is optimal.

In the “no attention cost in welfare” case, 7%, =0 and
_ b . QH

When attention is not necessarily optimal, we also have (from (41)), using again decomposition

= (0, 70,)

, Om

b b H
—Dj:T 'Sj:TC'SCj_FTm%?

where S gj =S". P, (p, w), where now the total derivative matters, including the variable attention.

9.2.2 Attention as a good: examples

In this subsection we normalize the pre-tax price to 1.

Optimal taxes with endogenous attention: the case of small taxes Given attention
m (7), the perceived tax is 7° (1) = 7m (7), and demand is ¢(7) = y (1 —¢Ym (1) 7). We assume

that attention comes from an optimal cost-benefit analysis:
— 1 2 2
m (1) = arg max—éwyT (1—=m)" —g(m).

The first term represents the private costs of misunderstanding taxes, —%wy (1 — 73)2, while the
term —g (m) is the psychic cost of attention, g (m) (see Gabaix (2014)). The planner’s problem is
max, L (1) with

L(7) = —guym? (r) 7* — Ag (m.(r)) + Ary,

where A = 1 in the “optimally allocated attention” case and A = 0 in the “no attention cost in

welfare” case. In the “fixed attention” case, m (7) is fixed with m/ (1) = 0, and g (m) = 0. The
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optimal tax satisfies
L' (1) = —dym ()7 (m (1) +7m/ (7)) — Ag’ (m (7)) m/ (1) + Ay = 0.

In the “optimally allocated attention” case, we use the agent’s first order condition ¢’ (m (7)) =
Yyr? (1 —m (7)) and A =1, and the optimal tax is
Ay

= m (7')2 +7m/ (7') (49)

In the “no attention cost in welfare case,” A = 0, the optimal tax is

T = 5 A : (50)
m(7)" 4+ mm (7)m/ (1)

When attention is fixed, the optimal tax is

. A/
T = ) 51
m (7‘)2 (51)

Proposition 9.6 In the interior region where attention has an increasing cost (tm (7)m/ (1) > 0),
the optimal tax is lowest when attention is chosen optimally and its cost is taken into account in wel-
fare; intermediate in the “no attention cost in welfare” case; and largest with fixed attention—r™* <

7m0 < ek

When attention’s cost is taken into account, the planner chooses lower taxes 77* < 7™Y to

74

minimize both consumption distortions and attention costs. Plainly, the tax is higher when

attention is variable than when attention is fixed—this is basically because demand is more elastic

0
then (—252 = —¢ (m (1) +7m/ (1))).
For more illustrations, see section 9.5.5 for completely worked out linear-quadratic and isoelastic

examples.

9.3 Complements on Mental Accounts

The optimal tax formulas in Propositions 2.1 and 2.2 corresponding to the many-person Ramsey
problem without and with externalities can be applied without modifications to this simple model
of mental accounting. However, it is also enlightening to write these formulas in a slightly different

way by leveraging the specific structure of the simple mental accounting model. We define the

"The example allows to appreciate the Slutsky matrix with or without constant attention. The Slutsky matrix

with constant m has Sﬁ\m = w = —1em, while the Slutsky matrix with variable m has S§ = w =

—c(m +7m' (71)). The online appendix (section 9.2.2) provides other illustrations.
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“income k-compensated” Slutsky matrix for the extended demand function as

ST (q,w) = ¢4, (q.w) + e (@, w)es(g.w). (52)

This Slutsky matrix corresponds to a decomposition of price effects into income of substitution
effects where the latter are compensated using with an adjustment of mental account k. In the tra-
ditional model without behavioral biases, this decomposition is independent of the mental account
k which is used for this decomposition, since the marginal utility of income is equalized across
all accounts: c (g, w" (q,w)) = c w(q,w" (g,w)). It follows that the “income k-compensated”
Slutsky matrix is also independent of k.”> By contrast, with behavioral biases in mental ac-
counting, the marginal utility of income is not equalized across all accounts so that in general
c.r(q,w(q,w)) # c v (q,w(qg,w)). As a result, the decomposition of price effects on income effects
and substitution effects depends on which mental account k is used for this income compensation,
and the “income k-compensated” Slutsky matrix depends on k.7

Reintroducing h superscripts to index agent heterogeneity, we define the social marginal utility

of k-income for agent h as
e,k k,h h k,h h
yEt = B0 4 AT e rn where 37" = Wonv e

We also define the income-k based behavioral wedges for the extended demand and utility function

as

bk Ue Fbkh Bk,th,k'
Uk

Finally, for every commodity ¢, we denote by k (7) the mental account to which this commodity

is associated with. We can then rewrite the tax formula in the following way. Note that this is

simply a re-expression of Proposition 2.1.

Proposition 9.7 (Many-person Ramsey with mental accounting) If commodity i can be tazed, then

">However the “income k-compensated” Slutsky matrix Sjc’k’r (q,w" (g, w)) of the extended demand function is in
general different from the “income compensated” Slutsky matrix S]C’T (g, w) of the demand function, which is defined
as in Section 2.1. Indeed, the latter also reflects the subsitution effects associated with the adjustments w(’;f (q,w)
in the mental accounts in response to changes in the price ¢; of commodity j.

"6The price theory concepts introduced in Section 2.1 are still defined in the same way. They can be related to
the corresponding concepts that we have introduced in this section. In particular, we have

Cw (qa w) = Z wﬁ;cwk (qa UJ),
k

and
Sjc(qa ’LU) = Cy; (qa w) + Z wé@j Cyk (qv LU) + Z w'ﬁjcwk (q7 W)Cj (qa W).
k k
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at the optimum

OL (1) — 0 with OL (1)

87’2‘ T

= N LA = AFORY o N — FRORY L GERDE NP kR (53)
h k

This alternative expression of the many-person Ramsey optimal tax formula for commodity @
features the “income k (7)-compensated” Slutsky matrix corresponding the mental account to which

commodity i is associated, the social marginal utilities of k-income 5", the k (i) based behavioral

k,h
q

tax formula in this way will prove useful to derive specific results below in the context of further

wedges, and the price derivatives of the mental accounting functions w Writing the optimal
specializations of the model.

We could also derive a similar alternative expression for the many-person Ramsey optimal tax
formula in the presence of externalities along very similar lines. In the interest of space, we do not
include it in the paper.

9.3.1 Roy’s identity with mental accounts

We consider the extended indirect utility function v (p,w) = u (¢ (p,w)). The budget constraint is
B (c,p,w) < 0. A leading case is the linear budget constraint, B (¢, p,w) = max;, C* - p* — w*. We
define the behavioral wedge linked to account £ as:

bk Ue B.(c,p,w)

"7 v Bulepw)

With the linear budget constraint

Ue
ok —

Uk

Proposition 9.8 (Roy’s identity with mental accounts) With mental account, the modified Roy’s
identity is:

Up; (p7w) _ sz' bk e — prz _ bk SC,k (54>
Uk (p, w) Bwk b Bwk v
With a linear budget constraint,
U (Pw) _ ok gok (55)
Vo (P, W) ’ v

9.3.2 Optimal taxes with rigid mental accounts: small taxes case

We consider the basic setup in Section 3.1 with no misperceptions (m; = 1 for all i) but with

rigid mental accounts instead. We make the further simplification that there is one commodity
wt Wt
a 14

per mental account. Consumption is therefore given by ¢; = We assume that before

63



taxes, the optimal amount w' is allocated to good i, so that U” (w’) = p;, and that the rigid mental
account w’ does not adjust after the introduction of taxes.

We first derive the optimal Ramsey and Pigou tax rules with this rigid mental account with
. U“(ci)
‘ ;iU (c;)
utility function U* for good 4, which coincides with the demand elasticity of a rational agent.

the inverse of the curvature of the

one good per account. Recall that we denote by v, =

Proposition 9.9 (Ramsey and Pigou formulas with rigid mental accounts) Suppose that agents
use a rigid mental account for good i. and the limit of small tazes. In the basic Ramsey problem,

the optimal tax is
’7—.
Pi (56)

while in the basic Pigou problem, it is
i = & (57)

The formula for the Ramsey problem is in stark contrast with the traditional Ramsey case where

T = A and the misperception case where = = —2—. With rigid mental accounts, a low (rational)
Dpi »i pi my v;

elasticity 1; leads to low taxes, not to high taxes, as in the basic Ramsey. The intuition is as follows:
if a good is very “necessary”, rational demand is very inelastic: ; is low. But with a rigid mental

w'/pi
1+Ti .
Hence, when (rational) demand is very inelastic, the tax should be low.

accounts, a tax 7; leads to a consumption ¢; = So, a high tax leads to a high distortion.

Likewise, the modified Pigou formula 7; = &1; now features the rational elasticity of demand
1;. This is in contrast to the traditional case, where 7; = &;, and to the case with misperception m;
where 7; = Ti— (Proposition 3.2).

To derive this result and understand it fully, it is useful to generalize it. From now on, in this
subsection, we normalize p; = 1. We denote by «; the elasticity of the demand for good i. In the
traditional model without behavioral biases, we have «; = ;. But in the model with attention
m; to the tax, we had o; = m;;. With a rigid mental account for commodity ¢, given demand is
¢ = ﬁ, the elasticity of the demand for good 7 is a; = 1. 77
Proposition 9.10 (Ramsey and Pigou formulas with arbitrary behavioral elasticity) Suppose that
the rational demand elasticity for good is 1;, and that the behavioral demand elasticity is «;. Con-

sider the limit of small taxzes. Then, in the basic Ramsey problem, the optimal tax is

i

while in the basic Pigou problem, it is

&i
K3
""Proposition 9.9 is a consequence of Proposition 9.10 when «; = 1 of the following result. Propositions 3.1 (in

the limit of small taxes) and 3.2 are also an application, when a; = m;;.
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Proof. We could use the general formulas, but to gain intuition we proceed as follows, in the

limit of small taxes. In the Ramsey problem, welfare can then be expressed as

1 i
Indeed, a small tax 7; changes consumption by dc; = —a;¢;7;. The associated distortion is % (5@)2 U" (¢;) =
% (—aicm)Q _[i:w(;") = %%yﬂf (recall that ; = —%, and U” = p; = 1 at the optimum, with

y; = ¢;). Hence, the optimal tax is given by L., =0, i.e. 7, = A%

In the Pigou problem, at the first best, the planner would like U (¢i) = 14 &, as in the
traditional tax. This means that consumption should change by dc; = —;¢; after the tax. But as
the actual elasticity of demand is «;, the tax should satisfy: dc; = —a;7; = —;&;, and 7; = i—i@bz O

In the Ramsey problem, for a given demand elasticity «;, a higher value of 1; pushes for higher
tax, while for a given v;, a higher value of «; pushes for a lower tax. In the traditional model without
behavioral biases, «; = v¢; and the resulting effect of a higher 1; is a lower tax. By contrast, in the

behavioral model with a rigid mental account, o; = 1 so that a higher v; results in a higher tax.

9.3.3 How mental accounts modify demand elasticities

We take the quasilinear case u(c) = ¢y + U' (¢1) + U (¢, ..., ¢,) with good 1 in its own mental

account, w!, and default w¢. How much will be attributed to the mental account? We will have

w1

G = q1

1
w! = arg max U! (w_) —w' — g (W' —wf) (61)
w q1
c1 = argmaxU' (¢;) — qie; — g (clql — wf) )
C1

Then, we can calculate the sensitivity to the tax.

Lemma 9.1 With a flexible mental account, the empirical elasticity is:

e 1+4 (w' — wf) + wg” (W — wf)

cy aql o i + wlg// (wl _ wil) ’

o] =

with w' = qic.
Proof The first order condition for consumption is:

flenq) =U"(a1) = a1 — g (aqr — wi) = 0.
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Hence

o= oo q1 fo @ l+g +qag”
R s a

adqy  a—fo, a “U'+dyg"
1+4g +qag”

1

U// .
o T qic1g”

The rational elasticity is the one that would occur with g = 0,

1
1/}1 = _C1U{'(cl)’ (62)
q1
50 / 1
14+ g +aqag
a1 = T n o .
o T Ay
O

Next, we suppose that at ¢; = pi, the account is optimal: w¢ = arg max,, U! (%) —wl. We

suppose that we are near w! = w{, and ¢’ (0) = 0. We have

o 1+ whg” (w' —wf) | (63)
ﬁ + wlg// (wl _ wd)

In the traditional case, ¢” = 0, so o' = ;. In the completely rigid case, ¢" = +00, so a' = 1
d
(indeed, we have then ¢; = U;—ll, so the elasticity of demand is 1).
This allows to calculate the wgl, the derivative of the account value as a function of the price.
Starting from w! = ¢¢;, we have
dcy 1+wlg” (wl — wf)

1
w, = +q@=—=c —ca;=c |1—
“ Oq o Huwlg (w1 —w) |’

so finally

9.3.4 Summarizing the effects of misperceptions and mental accounts

We again normalize p; = 1. We call oy = —g—:cfri the empirical elasticity, which is a; = ¢; in the
traditional model, and «; = m;v; in the misperception model with attention m; to the tax. We call
U = —%, which is simply the inverse of the curvature of the utility function U’ for good i.
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This is also the “rational” elasticity, the demand elasticity that the agent would have if he was fully
attentive; it might be the elasticity elicited in a careful procedure that makes the agent attentive
to the tax.

We have the following Lemma.

Lemma 9.2 As explained just above, call ¢; the “rational” demand elasticity, and «; the “behav-

toral” elasticity. In the limit of small taxes, welfare is:

2
hac

L) =L0) = =5 3 ~Syrt + A Y i o (1) + o 711 ). (65)

This implies the following.

Proposition 9.11 In the basic Ramsey model, the optimal tax is

Y (66)

0%

where 1; is the underlying elasticity of true preferences, and «; is the behavioral elasticity.

Proof We can also use the general formulas (Proposition 2.1) to verify the result. However, it

is also instructive to use the following derivation. Maximizing over 7;, the result from Lemma 9.2

L—_lza_g ,7—2+AZ7—A .
- 2 i wlyzz i iYi

we find: 7; = Al/;i.D

Q.

1
For instance, in the traditional case a; = v;, and we recover the traditional formula 7; = wA

Proposition 9.12 In the basic Pigou model, the optimal tax is 7, = @%

Proof We would like this to be the first best allocation, so that v’ (¢;) = 1+ &, i.e. ¢ =
c? (1 —4;&). The response to the tax is: ¢; = ¢
ie 1, = {fﬁ—: [

The Table shows the link between different models. We use w; = ¢;q;.

(1 — ay7;). So optimal tax satisfies: oy = &,
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Ramsey problem Pigou problem | Elasticity o; to tax rate
. . 7 -
General T, = A% T, = 52% ;= —%c.
Traditional model T = % =& o; = Y;
Misperception model T = ﬁ T = 5—” a; = m;
Mental account: rigid 7 = Ay T = &y o; =1
2
. . A [ gl ¢~ iwig! _ 14wgf
Mental account: flexible Ti = ( Trung” Ti = &1, 7| T T
2
Hybrid model: Flexible mental A1 (gl \ 2 g 1w B wig!
. . . Ti = GimZ \ Tqwg” Ti = ) Tdwg? | G = M-
account with misperceptions i iJi : iJi b TWiGi

9.3.5 Derivation of the agent’s consumption in the mental accounting model of Section
3.6

J a

1.3
The agent maximizes his perceived utility u® (c1,c) = % subject to the perceived budget
1 2

constraint B (c1, c2) = k1 [wf — c1] + S22 ¢ < w, with wf = ajw + Bb. The first order conditions

are

uz, = p(l—rim)

uCQ = K,

where 7, = sign (wf — cl) is the sign of w? — ¢, if that quantity is non-zero, and otherwise is some

number in [—1,1]. There are two cases.

Case 1. If w{ — ¢; = 0 — this is the rigid mental account region. Consumption is:

clzwf, CQZ(JJ_Wf.

Case 2. If w? # c;, then the agent has de facto a perceived price p; = 1 — k171 and p§ = 1.

o3 /p;

Consumptions are ¢; = w=—4"— (Gabaix 2014, Example 4). In particular,
Zj a;Pj /pj

S
Q7

(67)

G =—Ww
1 —askim

We summarize the results, in the case b > 0.

Proposition 9.13 (Consumption with mental accounts) Consumption of good 1 is as follows. For
0<b<b c;=wl=aj(w +b)+pBb. Forb>b* c is given by (67) with n; = 1. The cutoff b*

1s the value at which those two expressions are equal, i.e. it is the solution of:

S

& (W +b) + Bb= —L (w4 b). (68)

1 — a5k
For a given voucher b, we are in the rigid account region if and only if k1 > k] where k] satisfies
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(68).

9.4 Complements on Diamond-Mirrlees and Atkinson-Stiglitz (1972)
9.4.1 Diamond-Mirrlees: Concrete examples

To illustrate Proposition 5.1, consider the separable case u(¢) = ¢y + u (c1) in the misperception
case with 77 = 70 + my7f, 0 < my < 1 and 77 is exogenous (perhaps set to 0).

We represent the production function as follows—it takes C'(y;) units of good 0 to produce y;
units of good 1. We define supply and demand to be S (p;) = C"~! (p1) and D (p; + 77 +my7{) =
' (p1 + 77 + my7f) . We denote the corresponding supply and demand elasticities (corresponding
to a fully perceived change in p;) by g > 0 and p > 0 . Differentiating the equilibrium condition
S(p1) = D(p1 + 71 + muty) yields .

D

C

g, =——"—m

11 1
€s+E€p

with €, = 2%. Compared to the traditional incidence analysis, because consumers are not fully
attentive to the tax on good 1 (m; < 1), the burden of the tax is shifted to the consumer. This
echoes a result in Chetty et al. (2009).

We now turn to optimal taxes. We work in the limit of small taxes when A = XA — 1 is close to

0 as in Section 3.1. Then, the optimal tax 7{ satisfies

0= <A01 — Tfﬂclml) + (Aq — Tfﬁcl) €11,
b1 P1

A A HmyTim +£5

v ;m 1+efy
As long as my < 1, the higher is the supply elasticity g, the more the burden of the tax is shifted

which we can rewrite as

to the consumer, the higher is €5, < 0, and the lower is the optimal tax.™

We next provide an example to illustrate Proposition 5.2.

We now show that production efficiency can fail with a restricted set of commodity taxes 77,
even if there is a full set of commodity taxes 7¢. Consider the following example. There are two
consumption goods, 0 and 1, two types of labor, a and b, a representative agent with decision utility
u® (co, 1, lay ) = co+U? (¢1) — o — lp, and experienced utility u’ (o, c1, Lo, lp) = u (co, c1, la, lp) — s,
where &, > 0 indicates an internality. For instance, ¢; could be cigarette consumption. Hence, the

government would like to discourage consumption of good 1.

™8 Another way to see this is as follows. Consider the optimal tax with infinitely elastic supply s = oo (a constant

price p1). It satisfies (Acl — Tfﬂclnu) = 0. Now imagine that €5 < oco. Then at this tax (Aq — Tfﬂq) <0

so that (Acl - 7'15%01) €y > 0 and by implication <A01 — Ty 2} clml) + (Aq - Tf%q) €§y > 0 This implies that

increasing the tax improves welfare.
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The production function for good i is y; = (L—“)az (11_—’(;) l_ai, with «; € (0,1). As before, 0 is
the untaxed good, 79 = 0. The government can set taxes 7, 7, and 7, on good 1, labor of type
a and labor of type b, and tax the employment of type a labor in sector 1. We assume that the
consumer perfectly perceives taxes 7,, 7, and prices pg, p1, Do, P» (the latter being the price of labor
of type a,b). In addition, the government can set a tax 7, for the use of input @ in the production

of good 1. Note that production efficiency is equivalent to 7, = 0.

Proposition 9.14 If the consumer is fully inattentive to the tax Ty, then the optimal tax system
features production inefficiency: 11, > 0. If the consumer is fully attentive to the tax 1y, then the

optimal tax system features production efficiency: T, = 0.

The essence is the following—the government would like to lower consumption of good 1, which
has a negative internality. However, agents do not pay attention to the tax 7 on good 1, therefore
a tax on good 1 will not be effective. We assume that the government cannot use producer taxes.
Hence, the government uses a tax 71, > 0 on the input use in the production of good 1 (lowering
production efficiency) to discourage the production of good 1, increase its price and discourage its

consumption.

9.4.2 Atkinson-Stiglitz (1972)

Atkinson and Stiglitz (1972) show uniform commodity taxation is optimal if preferences have the
form u" (cy, ¢ (C)), with C = (cy, ..., c,), ¢ homogeneous of degree 1, and ¢y (the untaxed good)

might be leisure. We now investigate how to generalize this result with behavioral agents.

Proposition 9.15 Consider the decision vs. experienced utility model. Assume that decision utility
is of the form u*" (co,¢* (C)) and that experienced utility is of the form u® (co, ¢ (C)) with ¢* and
¢ homogeneous of degree 1. Then, if ¢° = ¢, then uniform ad valorem commodity taxes are optimal
(even though decision and experienced utility represent different preference orderings), but, if ¢° # ¢,

then uniform ad valorem commodity taxes are not optimal in general.

The bottom line is that with behavioral biases, it is no longer sufficient to establish empirically
that expenditure elasticities for (cy, ..., ¢,) are unitary.

Another relevant consideration has to do with time horizons. Consider a tax reform and as-
sume away any link between periods for simplicity (say because agents do not have access to asset
markets). Imagine a situation where, in the long-run, choices can be represented by a decision
utility u®" (co, ¢° (C)) , and welfare can be evaluated with an experienced utility u” (co, ¢ (C)) with
¢ = ¢°. But, in the short-run as the tax code changes, agents misperceive taxes and, hence, make
different choices. Then optimal time-varying taxes might be uniform in the long run but not in
the short run. Likewise, if agents pay differential attention to taxes (at least in the short run), the
Atkinson and Stiglitz (1972)neutrality result will fail.
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9.5 Other extensions
9.5.1 Cross-Effects of Attention

We again normalize p; = 1. How does attention to one good affect the optimal tax on another?
To answer this question, we use the specialization of the general model developed in Section 2.7,
assuming a representative consumer (so that we drop the index h), no internality/externality so
that 7% = 0, and in the limit of small taxes. Defining A = % — 1, we can rewrite formula (11), in

the limit of small A, as
r=-AM'S M) ec.

This is a generalization of Proposition 3.1, which assumed a diagonal matrix S”.
To gain intuition, we take n = 2 goods, M = diag (m1, ms), we normalize prices to p; = ps = 1,
and we write the rational Slutsky matrix as S}, = —c¢;; for i = 1,2, and S7, = S5, = —v/c1c20192p.

Proposition 9.16 (Impact of cross-elasticities on optimal taxes with inattentive agents) With two
m%wwz

m%wg cq

m%,l e When attention to the tax of good 2

ma falls, the optimal tax on good 1 increases (respectively decreases) if goods 1 and 2 are substitutes

1-p

taxed goods, the optimal tax on good 1 is Ty =

(respectively complements).

Suppose for example that the goods are substitutes with p < 0. When msy falls, the optimal
tax on good 2 increases by the effects in Proposition 3.1, and optimal taxes on substitute goods

also increase.®?

9.5.2 Tax instruments with differential saliences

We elaborate on a remark we made at the end of section 3.7. As an extreme example, consider
again the basic Ramsey example outlined above, and assume that the two tax systems with salience
m and m’ can be used jointly. Consider the case where there is only one agent and only one (taxed)

good. With m' > m, we get
O=A—=7v)c+ [AMm+~(7T°—7)mS", O0=A=7)c+ [\ +~(7F —7)]m'S",

where 7° is the total perceived tax arising from the joint perception of the two tax instruments.
This requires A = v and with 7° = 0. In other words, the solution is the first best. This is because

a planner can replicate a lump sum tax by combining a tax 7 with low salience m and a tax —7-7

"We have p? < 1 since 8" is a 2 x 2 negative definite matrix so that 0 < det S” = c1co¥192 (1 — p?).

80Perhaps curiously, we can have 88;11 > 0 with complement goods p > 0. This happens if and only if 2 <

% p % That latter condition is quite extreme, and would imply that 7 < 0 even though the planner wants to

raise revenues. This is because the planner wants to increase consumption of the low elasticity (low ma, 1), good 2,
he wants to subsidize good 1 if it is a strong complement of good 2.
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m’'—m
m/

with high salience m’ > m, generating tax revenues 7 per unit of consumption of the taxed

good with no associated distortion. This is an extreme result, already derived by Goldin (2015). In
general, with more than one agent and heterogeneities in the misperceptions of the two taxes, the
first best might not be achievable.

9.5.3 A different budget adjustment rule

When perceived prices ¢; are different from the true prices ¢;, some adjustment is needed for the
budget constraint. Let us study a different rule, where a certain good n (“the last good”, imagining

a temporal order) bears the brunt of the budget adjustment (it’s a “shock absorber”). This leads

to
s (g,q°,w) = T (g°,w) fori#n (69)
1 .
" (q,q°,w) = o (w > (q,qs,w)> : (70)
n i#En

This is: for all goods but the last one, the consumer only pays attention to perceived prices. Only
for the last one does she see the budget constraint.®! We shall see in the next proposition that we

can also write )

c™? (qa qsa w) =" (qs’ w) - q_ (q - qs) -c (qsv UJ) ) (71)
i.e. actual consumption of good n is planned consumption ¢™" (g*, w) minus the adjustment for the
surprise(q — q°) - " (@°,w) in the actual cost of the goods i < n that have been purchased before
good n.

For completeness, we record the Slutsky matrix properties of that rules. (Here we consider the

income-compensated matrix S°).

Proposition 9.17 (With the “last good adjusting for the budget” rule) Consider the model above,
with attention m; to price j. Evaluating at q° = q, the marginal propensity to consume out of

wealth isn’t changed:
0w (q,q°, w) = Oyl (q,w). (72)

However, the Slutsky matriz S;; is changed as follows:

n

1 .

where Sj; is the rational Slutsky matriz.

81Chetty et al. (2009) consider such a rule in a 2-good context. Gabaix (2016) consider such a rule when doing
dynamic programming, and the last good is “next period wealth”.
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Proof The term 0,c] is trivial, as it’s evaluate a ¢° = q. We move on to the S;;. First, take

i # n. Then, ¢"*(q, ¢*,w) = ¢*" (¢*, w), hence:

Sfj — @qjci,r (qs,w)—kcfucj
= ¢ (q.w)m; + e = (8] — cyed) my + ¢l
- S;—FC:UC](l—m])’

which gives the announced result.

For good n, we rewrite:

0™ (q,q°w) = w—Y ¢c”(q,q"w)
i#n
= ¢ - (¢°w) —(q-¢ (¢, w) — g™ (¢°, w))
= (¢°—q)-c"(¢",0) + ¢.c"" (¢",w),

i.e. another useful expression:

n,s S n,r S 1 S T S

" (q,q",w) =c"" (¢°,w) + —(q¢° — q) - " (q°,w).
Its interpretation is that the consumption of the last good is the planned consumption (the first
term, ¢™" (q°,w)), plus an adjustment for the “surprise” difference between planned and actual
expenditure (the last term).

Now, differentiate w.r.t. ¢;:

n,r s n .Jj 1 s T s
Snj - (a‘hc ' (q 7w) +ch]) +a‘]j (_ (q _q) " C <q ,U))) :
By the earlier calculation of S;;, the first term is Sj; +ct,d (1 —my) with i = n, by the earlier result,
and the last term is (as we evaluate at ¢° = q)

an

an < ! Z <Qf - Qi) ci (qsvw)> - i (mj - 1) C] (qs7w) .

i

This gives the announced result.

O

Behavioral wedges We take a particular case, which is particularly tractable. There are
n — 2 goods, and good n is the “shock absorber” good. The price of goods 0 and n is normalized

to 1. There’s no tax on goods 0 and 2, for simplicity.
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Utility is:

u(co, e Cp) = o + Zul (ci) -
=1

Good 0 has marginal utility of 1, which absorbs income effects, so v,, = 1. Hence, 7% = q — ue s

=0
o= g fori=1,...,n—-1

S

1 —u, (cn)

S
Il

forc; =cj (¢f) for 1 <i<mnandc,=¢, +>,_, (¢ —¢)c (from 71).

A—(1-AN)(A—m;)p
1-(1-A)(1—m;)p
We again normalize p; = 1. The distortion on good n is, from 71

Derivation of the optimal tax and A; = We first provide an intuitive proof.

Cpn — Cr = —Z(l — M) TiCi,

<n

and the distortion on good 0 is — (¢, — ¢). Hence in the objective function we have

L = W—i—Z)\Tici—,uZ(l—mi)Tici

i<n <n
i<n

where W =utility distortion all goods except 0 and n. Hence, we just replace A by X' = \ —
(1 —my).
Remember that we write A = ﬁ Hence, this which corresponds to

1 1 1 _q 1-A A—1-ANQ—my)p

X L emyp 1= -NA—m)p 1-(0-AA—m)p

N =1

We also provide a more computational proof, which we found also instructive. Take an ¢ =

1,...,n—1. We have 77 = (1 —m;) 7; and 72 = 1 — u/(c,) = —p. We have S;; = —%mi, while

Spi = — (1 —my) ¢ (1 - @Dz%mz) .
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Plugging this into the general Ramsey optimal tax formula (7) gives:

0 = A=)+t -7)-85

= Ol p(Lmm)) e — Y (A= (L= ma) — (1= my)),

[

which is the expression with p = 0, if we replace A by X' = X — (1 —m;) .

Analysis of small taxes We analyze the case of small taxes. Compared to the first best,

distortions are:

* *
G —¢C = —wicl- m;T;

n—1
Cp—Ch = _Zci(l —m;) T,
i=1

and a utility loss equal to L such that:

1

2
v (c; —ch)”.
iC;

—2LP = Zz

Hence we have the following generalization of the objective function in the simple Ramsey case with

small taxes (we normalized prices to p; = 1)

n—1 n—1 2
1 5, 9. 11 . Z *
L = —5 ;1 T; @/)mz . — 577/)”0;: (lg 1 C; (1 — mz) Ti) + A : T;C; - (74)

In particular, now the distortion is not just ¢;m? as before, but there is another term, multiplied by
ﬁ. Hence, attention is beneficial only if if risk aversion (=) for the shock absorber good is small

Pn
enough (in the baseline model it is 0). The optimal tax is

A,

7
T — ——
% m12¢1 )

with

and

n—1
1
B= Zci(l_mi)Tiy

%
Ynch i=1

which is the marginal distortion on good n.
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We can also study the variant in the done in the main body of the paper. A variant: uj (c2) <1

for ¢y ch and 1+ p > 1 for ¢y <c‘21. Then losses are:
n—1 1
L = - ~miciT! i (L=my) 7 )+ A iYi
> (gumterrt et (1 =m) 7 ) £33

n—1
1 Z
i=1

i

so, optimal tax on good i is 0 iff pt); (1 —m;) > A.

Impact on Pigouvian taxes We revisit our simple model of Section 3.2, with an externality

on good 1. We have A = 1, so that the government’s objective function is:

L=U(c)—(p+&ca+tu(cs—(1—m)eyr) + (1 —m) .

i.e. utility from good 1, utility from good 2 (which absorbs the shock (1 — m) ¢;7), and consumption
of good 0 is increased by the lump-sum rebate, which accounts for the last term. The consumer
chooses ¢; according to U’ (¢;) = p + mr.

We take utilitylU (¢) = Qe— £, so that demand is ¢; = ¥ (Q — p — m7) . We keep )y (¢2) = 1+p.

20
We have:

D) = lptmr— (&) (~¥m) + [ (1—m) (14 )+ (L= m)] & (a7)
= —(mr =& ¥Ym—(1—m)u(c, —¥mr)
= —(mrT =& Im—(1-—m)u(¥(Q—p-—2mr)),

which leads to:

i £ (Em)(Q-p)
o 1=2u(Em)
CE (g
o l-2u(Bm)

where ¢! = ¥ (Q — p) is the consumption of good 1 if there is no tax.

Hence, the government doesn’t tax the good if: €U < u (1 —m) Y, i.e. if the externality is too

small.
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9.5.4 Precisions on jointly optimal taxes and nudges
We assume that (7 —7¢") - ¢! = 0, so that " = 7". As in Section 2.7, we call &" = 75" =

i;bTI M+ 78" as the sum of the internality plus externality.

" (T, TX’h) =ch -V (th + TX’h) .
Individual h creates an externality plus internality. We have successively:

=— _F [5/1/} — _F [,Yh/] = —\

¢h _ = €h _ _&h

Proposition 2.2 gives, using §1"" = —¥m",
%x_ EY (A=) = X (7 = 78" —740) I/
or -
oL
97 EZ A=) " =[(A =" (1 =m")) 7 = AT 4 4 R ] It (75)
I

We use the notation

oyz = cov (Y, Zp) .

UsingE [y"] = A, we have:
“E[(A=1")m"] =E[y'm"] = E [y"] E [m"] = 0.
Hence, using 7" = yn’
1oL _
U or

B[ 1" (1= ) m') 7~ E [ B[O an) G ]

C

=—-E [()\ — 9" (1 — mh)) mh] T—E [7hnhmh} x+E [(/\ — vh) Eh + )\TX’hmh}

W

- _F [thiﬂ B me] A F [,yhnhmh} Y+E [)\TX,hmh — 0, 4 .
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Proposition 2.3 gives:

oL
25 ooty o
= EX =) = (A=) r =)
h
oL
a = —Ezh: [()\ - 7" (1 - mh)) D v S yhTX’h} \Ilq-;g’h,

Using 7" = yn" gives T%’h = 1" hence:

1 0L
E& = —E; [()\ — 7h (1 — mh)) D Ve S VhTX’h} nh
=-E [”Yhﬁhmh — Oy T—E [PyhnhZ] X+ E [)\TX’hnh] .

This implies
1 0*L
Foray = EX 10— (1 =mt) ],

Hence, at the optimum:

E [’yhmh2 — a,ym} T+ E [’yhnhmh] x=E [)\TX’hmh — 0%0/\1,}
E [fyhnhmh — JWI] T+ E [’yhnhﬂ x=E [)\TX’hnh] .

Solving for the two unknowns 7 and x gives the following.

Proposition 9.18 The optimal tax and nudge satisfy

E [y'7"*| E At — 0, o] — E [y'num?] E [ArXnt]

T =
E [vhnhz} E [vhmh2 - owm} —E[y'n"mM E [y mh — 0.

E XX E |yt = 0| — B At — 0, o] E [yhm - o,)

E [7"77"2} E [7hmh2 — O'vm} — E [ypnhmh E [y'nhmh — o, ]

X:

9.5.5 Worked out examples of endogenous attention

A linear-quadratic example To illustrate the situation, we work out completely a linear-

_1l.2
ac—sc
v

and attention technology p$ (p1,m) = p¢ + mm, where 7, is a tax. Full utility is u (cp, c1,m) =

quadratic example. Take decision utility have u® (co, ¢c1,m) = co+U (¢1)—g (m), with U (¢) =

co+ U (c1) — Ag (m), where A = 0 in the “no attention cost in welfare” case, and A = 1 in the

“optimally allocated attention” case.
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We assume py = 1, ¥ > 0. Given attention m, demand satisfies U’ (¢1) = p®, so ¢} (p®) = a— Up°.
The perceived tax is:

. =m (),

and demand is
L =a-— ‘I’(pil+m(71)7'1>-

The losses from inattention are fuc,, (¢f — o) = —3U7? (1 — m)®. (This is always true to the
leading order, and here this is exact as the function is quadratic). Hence, the optimal attention
problem is:

1
m(m) = argmax—g\I/Tf (1-— m)2 —g(m),
whose first order condition is:
g (m) =¥ 1 —m)7. (76)

The Slutsky matrix with constant m has:

dcy (pd +mm,m
Sﬁlm = — (pl . ) = —Um,

67'1

while with variable attention m (p), we have:

dei (pd 4+ mm, m (1
sty - A g 7t ()

Then, we have: 7° = (0,q — ¢*, Ag’ (m)) = (0,7 (1 — m), Ag’ (m)), and given 7 = (0,71, 0), so

7 — 1" =(0,7ym, —Ag' (m))
SH = (0, =V (m +7mm' (n)),m (11)).

Applying Proposition 2.1 gives:

—@L(T,w) = ()\—’}/)Cl—l-)\(T—Tb) .S
87'1

==y —Yrm(m+rmm' (r)) — Ag' (m)m' (11) .

Normalize A = 1,7 =1 — A, and define 94 (¢;) = ¥/¢;. First, when m; is exogenous, we verify

our formula from Section 2

OL (1,w)

o Acy — Umr).

: s _ _A _ A
1.e. Tl_m_wl’Tl__
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Next, in the “no attention cost in welfare” case, A =0

OL (1,w) ~ ey - \IfodTl (Tlc,lml (11))
1

87’1

= Ay — U7 (my +7m’ (1)),

SO
—ah A A

SHE " (m+rmm/ (1)) = (m2 +mmm/ (11)) U1

Finally, in the “optimally allocated attention” case, A = 1. First, we verify:

S
Tl h—

—Dy=7"- 8" = (0,71 (1=m), g (m))- (0, =¥ (m+7m(p)),m (p))
=—U(m+rm p)r(l—m)+g (m)m (p)=—Ymr (1—m)=— (1 —17)¥Ym

:Té-SH (p,w,m),

jlm
with 78 =7 — 77 = (1 —m) 7 and Sﬁm (p,w,m) =—¥m.

OL (T,w)

or —Aey=(r-7) - Sf=7-8 -7 S =187 — 7581

1jm

= —Ur(m+7mm (1)) + V7 (1 —m)m = —U7 (m* +m/ (7))

OL (7, w) = Ac; — U7 (m* +7m/ (7)) ,
87’1
SO

AJih

m (7’)2 +Tm/ (1)

An isoelastic example We now work out completely an isolastic example. Take decision
utility have u® (¢, c1,m) = ¢o + U (c1) — g(m), with U (¢) = ‘311:11%)_ and attention technology

p5 (p1,m) = p¢ + m7y, where 71 is a tax. Full utility is u (co, c1,m) = co + U (¢1) — Ag (m), where

A =0 in the “no attention cost in welfare” case, and A = 1 in the “optimally allocated attention”
case.

We assume pg = 1. The perceived tax is:
v =m(m)m,

and demand is

e =(pi+m(n)mn) ",

The Slutsky matrix with constant m has:

oH dcy (p1 + mm,m)
11|m 87'1

= —Um,
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where (to leverage the calculations already done for the quadratic utility case) we define:
c
V=,
41
with ¢§ = p; + my (1), while with variable attention m (7), we have:

dcy (p(f + mr, m (71))

SH = o =—U(m+7m'(n))
1
om ,
ﬁ = 6_71 =m' (7).

Then, we have: 7° = (0,q — ¢°, Ag’ (m)) = (0,7 (1 —m), Ag’ (m)), and given 7 = (0,7,0), and
7o — (1—%)7':(1—]\)7'50

T =r—(1-AN7""=0,7(1=(1=m)(l—-A)),—(1—A)Ag (m))
=0, (m+A(1-m)), - Ag' (m))
SH = (0, =V (m + mom/ (1)), m

~ —
—_
>
S—

Applying Proposition 2.1 gives (with A =1,y =1—A)

L (r,w) =A=a+A(r=7) 57
87'1

=Ac; — U (m+A(1—m))(m+nm () — Ag (m)m/ (1) .

Define "
Ui(e) = —= v

caq
First, when m; is exogenous, we verify our formula (13):

O:A—%ﬁ(m—l—/\(l—m))m,
1

. T o A . . .
ie. é = DA which is equivalent to (13).

Next, in the “no attention cost in welfare” case, A =0

%:;w) = Ay =¥ (m+A(1—m))(m+ mm’ (11))
= Acl—1+¢mTCT(m+A(1—m))(m+7m/(T))a
o A/Y . (77)

m2+7mm’(7)+A((1_m><m+Tm/>_%)
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Finally, in the “optimally allocated attention” case, A = 1. First, we verify:

~Dy=7"- 8" = (0,7 (1 =m),g (m))- (0,=¥ (m+7m/ (p)) ,m' (p1))
==V (m+nm (p) 7 (1=m)+g (m)m (p) = =¥mn (1 —m) = —(n —77) ¥m

:TE-SH (p,w,m).

jlm

H

with 78 = 71 — i = (1 —m) 7y and 8%, (p,w,m) = —¥m.

L
OL(T,w) (g“”) Ay =(r—7) S =78 .S =8 (1 A7 SH,
1
=-—-Ur(m+7m' (n)+1—-AN)¥r(1—m)m=—-Ur(m(m+A(1l—m))+7m' (7))
oL
—(g:l’ w) = Ac; — : —wi—crlnTT (m(m+ A1 —m))+7m' (7)),
SO %‘;’w) = 0 gives
A
o= A . (78)
m2+7m’(7)+A((1—m)m—%)
We can compare this to the following re-rewrite of the optimal tax in the no-attention in welfare
case:
A
™ = /Y (79)
m2+71m’(71)—|—/\<(1—m)m— %) —7(1—=m)m'+ Al —m)rm’
A
_ /Y | (80)
m? 4+ mm’ (1) + A <(1 —m)m — %) —1=-MN71=m)m’

Proposition 9.19 The optimal tax is lower in the “attention in welfare” case than in the “no

attention in welfare” case.

Proof. Suppose the opposite, i.e. 71 (my) > 7% (my).
We observe that, for all m, (i) 7°(m) > 7

weakly increasing in T,
Then

L(m) (i) 7! (m) is decreasing in m, and (iii)m (1) is

H(my) > 7% (mg) > 71 (my)

hence, as 7lis decreasing in m, we have m; < mg. As m (7)is increasing, this implies 7, < 79. We've
reached a contradiction.

There’s a function m (7); it’s inverse is 7 (m) we define

Ay

m2+7m’(7(m))+A((1—m)m—%).

H(m) =
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For (ii) a sufficient condition is ¢» > 1 and 7 (m)m/ (7) weakly increasing in 7: then we have

m2+71m’(71)+A((1—m)m—%) =m? (1 —A)+7m' +mA (1—%)

increasing in m.

For (iii), the problem is
maxu (¢(p+m7)) = (p+71)c(p+m7) —g(m)

g (m)=@()—q) ()= (¢"—q) (¢) 7=~ (¢°) (1 —m) 7>

In the isoelastic case,

We have

Optimal tax with endogenous, optimally chosen attention There is just one taxed good.
The case with many, independent taxed goods follows.
Recall that the consumer chooses: m (1) = argmin Zyr? (1 — m)® — kg' (m) and the planner

chooses: 7 (A) = arg max, L (7, A) with
1
L(7,A) = —Stym (7)" 7% = kg (m (7)) + Ayr.

A lemma on scaling We show that it is enough to compute the solution in the case ¥ =y =

k=1.

Lemma 9.3 Suppose that when 1 =y =k = 1 the optimal tax is 7" = f (A) and optimal attention

is m* (7'). Then, in the general case it is:

and the attention is m (1) = m! (7’ w)

K

For instance, in the basic rational case, f (A) = A and m! (/) = 1.
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Proof This is a simple scaling argument. We define

—1 9

m!' (7') = arg min 77’2 (1—m)° —g* (m)

L' (7' N) = —%ml (7)Y 7% — g (m" (7)) + A'7

r_ Yy
T =Ty =
K
N Y My
K Kk T
Then, we have:
—1
m (7) = arg min %72 (1—m)*>—g*(m)
K
— ' ()
1
L(7,A) = —5dym (7)1 = kg (m) + Ayr
B Ly , 2 Ay
= |:2/€7'm(7') g(m)+/€7
=rL' (7, \)
Hence, as 7/ = f (A’) at the optimum.[]
Example with continuously adjusting attention We have g (m) = —xIn (1 —m), so that
. R 2 .
attention is m (1) = (1 — \/%T)-‘r' Indeed, argmin Z- (1 —m)” + g (m) is m = (1 — %)Jr
Proposition 9.20 In the above setup with optimal attention, the optimal tax is 7; = Jy, f <A1 / qu/j > ,

for the continuous function

A+1+44/(A+1)° -4
fA) = 5 for A >1

=1 for A <1.

Also, m* (1) = (1= ) , .

Proof. We first reason in the case v =y = k = 1. Then,m (1) = (1 — %)Jr and

1 2

L(t)= —5m (1)° 7% — g(m) + AT.

84



Then, for 7 > 1,

1
L'(t)=1—=—7+A,
T

so T is the greater root of:

1
T+ -=A+1,
T

which exists provided A > 1, i.e.:

A+1+4/(A+1)° -4
f(A) = 5 for A >1

=1for A < 1.

O
An example with 0-1 attention A concrete example of attention choice is:

m (1) = arg max—%l/m'z (1-— m)2 —g(m),

with .

g(m) = 5w* [1— (1 = m]
Then, the solution is

K
m(T) Lism, Te = —F=. (81)
il Vi

As an aside, a fixed cost g (m) = §1m>0 gives the same result.
Proposition 9.21 The optimal taz is 7; = w’_‘“y_f (A 52-)7 for f(A) =1if A <+V2+1 and

FA) =AdifA>~V241. Also, m' (7') = Lys,.

In that case, the optimal tax has a discontinuity. When A is low enough, the planner keeps the
taxes at 7, = | /ﬁ, just below the “detectability threshold” and agents do not pay attention to
the tax.

Proof We start with the case ¢y =y =rx = 1. Then, m(7) = 1,~;. For 7 <1, L (1) = AT, so
the optimum for 7 € [0,1] is 7 = 1.
L(1)=A.
For 7 > 7., m(r) =1,s0 L (1) = —37% — g (1) + A7, and the optimum is 7 = A. We have
A2 -1
L = .
="

So L (7) > L (7.) if and only if % > A, i.e. if and only if% > A, ie. if and only if A > /24 1.0
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9.5.6 Quadratic losses from imperfect tax instruments

h h

We introduce the Lagrangian that allows for agent-specific lump-sum transfers w” and taxes 7", 7%

(we normalize p; = 1)

L ({Th} , {Ts’h} , {wh}) =W (vh (p +7,p+ Ts’h,wh,f))—l—)\z [7’ e (p +7,p+ Ts’h,wh,ﬁ) — wh] ,
h

with £ =¢ ({ch}) as a fixed point. We also define:
g ({7"}) = max L {3 7"} A{w"}), (82)

which is the Lagrangian with rational agents perceiving 7" and with optimum agent-specific lump-
sum transfer.
The social utility achieved with agent-specific taxes 75", and optimum agent-specific lump-sum

transfers, with a rational agent.

Proposition 9.22 In general, in the Ramsey problem with externalities and redistribution, the

social loss (realized social minus first best) is:

I = Ldistribution 4 Ldistortions

with

Ldistribution o

Ldistortions —

) (Lo (w, 7)), (" =7)
)

N~ N~

*8,h s,ht *s,h/
— T gTS’hTs’h, (T — T > .

Z (f},&h _
Y

Z (Ts,h
h,h!

This reflects that at the optimum, the 4*" should be the same (and equal to A), and we should

have 75" — 7*sh,

Understanding the redistribution term  For instance, take the case: W = > v" (¢, ¢", w", )

and ¢ is independent of w", then Lu,» = v, so that

Ldistribution _ 1 Z (/yh B 7)2 )

- h
2 h,h/ U'LU'UJ

The losses come from the lack of equalization of +’s.

Understanding the g.s.s better
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Lemma 9.4 We have

dréh
Grehrg p = AS" (lh:h’ - W) .

When utility is quasi linear and the externality enters additively, u (c,&) = u(cq, ..., cn) + Aco + %f,

we have:
Gutr s = AS™ Ly + S0 S (83)

10 The Nonlinear income tax problem

Here are the notations we shall use.
g (2) :social welfare weight
h(z) (resp. h*(z)): density (resp. virtual density) of earnings z
H (2): cumulative distribution function of earnings
n :agent’s wage, also the index of his type
q(z) = R (2): marginal retention rate, locally perceived
Q = (¢(2)),>: vector of marginal retention rates
ro: tax rebat_e at 0 income
r (z) :virtual income
R(z) = z — T (2): retained earnings
T (z): tax given earnings z
z: pre-tax earnings
v (2): marginal social utility of income
n: income elasticity of earnings
7 :Pareto exponent of the earnings distribution
(¢: compensated elasticity of earnings
.. (z): compensated elasticity of earnings when the tax rate at z* changes.

(" : uncompensated elasticity of earnings

10.1 Setup

Agent’s behavior There is a continuum of agents indexed by skill n with density f(n) (we
use n rather than h, the conventional index in that literature). Agent n has a utility function
u" (¢, z), where c is his one-dimensional consumption, z is his pre-tax income, and u, < 0.3

The total income tax for income z is T'(z), so that disposable income is R (z) = z — T (z). We
call ¢(z) = R'(2) = 1 —T"(z) the local marginal “retention rate”, @ = (¢(2)).>o the ambient

vector of all marginal retention rates, and 1o = R (0) the transfer given by the government to an

82If the agent’s pre-tax wage is n, L is his labor supply, and utility is U" (¢, L), then u" (¢,z) = U (c, %) Note
that this assumes that the wage is constant (normalized to one). We discuss the impact of relaxing this assumption
in Sections 5.1 and 10.3.2.
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agent earning zero income. We define the “virtual income” to be r (2) = R (z) —zq (z). Equivalently
R(z) = q(2) z+7(z), so that ¢ (z) is the local slope of the budget constraint, and r (z) its intercept.

We use a general behavioral model in a similar spirit to Section 2. The primitive is the income
function 2" (¢, Q, ro, ), which depends on the local marginal retention rate ¢, the ambient vector of
all marginal retention rates @, 1o = R (0) the transfer given by the government to an agent earning
zero income, and the virtual income r. In the traditional model without behavioral biases we have
2" (q,Q,19,7) = argmax, u" (qz + 1, 2) , so that z™ does not depend on @ and ro. With behavioral
biases, this is no longer true in general. The income function is associated with the indirect utility
function v" (¢, Q,ro,r) = u™ (qz + r, z)lz:zn(%Q,mr). The earnings z (n) of agent n facing retention
schedule R (z) is then the solution of the fixed point problem z = 2" (q(z),Q, 10,7 (2)). His

consumption is ¢ (n) = R(z (n)) and his utility is v (n) = u™ (¢ (n), z (n)).

Planning problem The objective of the planner is to design the tax schedule 7" (z) in order

to maximize the following objective function

/OOOW(v(n))f(n)dnJr)\/ooo(z(n)—c(n))f(n)dn'

Like Saez (2001), we normalize A = 1. We call g (n) = W' (v(n))v] (¢(z(n)),Q,ro,7 (2 (n))) the
marginal utility of income. This is the analogue of 8" in the Ramsey problem of Section 2, and
we identify agents with their income level z (n) instead of their skill n. Most of the time, we leave
implicit the dependence of n (z) on z to avoid cluttering the notations. We now derive a behavioral

version of the optimal tax formula in Saez (2001).

10.2 Saez Income Tax Formula with Behavioral Agents
10.2.1 Elasticity Concepts

Recall that the marginal retention rate is ¢ (2) = 1 —7"(z). Given an income function z (¢, Q, 79, 7),

we introduce the following definitions. We define the income elasticity of earnings

= qzr (q7 Qa To, 71) .

We also define the uncompensated elasticity of labor (or earnings) supply with respect to the actual

marginal retention rate

w4
< = ;Zq (Q7 Q7 To, 7") .

Finally, we define the compensated elasticity of labor supply with respect to the actual marginal

retention rate

=" =
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We also introduce two other elasticities, which are zero in the traditional model without behav-
ioral biases. We define the compensated elasticity of labor supply at z with respect to the marginal

retention rate ¢ (z*) at a point z* different from z:

c q
CQZ* = ;ZQZ* (Q> QaTOa T) .

We also define the earnings sensitivity to the lump-sum rebate at zero income®

c q
Cro - ;ZTO <Q7 QJ T07T) .

We shall call (5, a “behavioral cross-influence” of the marginal tax rate at 2* on the decision of
an agent earning z. In the traditional model with no behavioral biases, (5 , = (7 = 0, not so with
behavioral agents.®*'®?

All these elasticities a priori depend on the agent earnings z. As mentioned above, we leave this
dependence implicit most of the time.

Just like in the Ramsey model, we define the “behavioral wedge”

quc(c, z2) +u, (¢, 2
Tb(QaQar(bT) = - ( ) ( )

U (@ Q:70,7) e Qo) e=gatr

We also define the renormalized behavioral wedge

In the traditional model with no behavioral biases, we have 7° (¢, Q,79,7) = 7° (2) = 0. But this is
no longer true with behavioral agents.
We have the following behavioral version of Roy’s identity (proven in the online appendix,

Section 11.2.2):
b b

(Y z VO .« z
Lo R oG (84)
q z

Uy q Uy
As in Section 2, the general model can be particularized to a decision vs. experienced utility

model, or to a misperception model.

Misperception model The agent may misperceive the tax schedule, including her marginal
tax rate. We call T%" (¢, Q, o) (2) the perceived tax schedule, R*" (2) = z — T*"(q, Q, o) (2) the

83Formulas would be cleaner without the multiplication by ¢ in those elasticities, but here we follow the public
economics tradition.

84For instance, in the misperception model, in general, the marginal tax rate at z* affects the default tax rate and
therefore the perceived tax rate at earnings z.

85In the language of Section 2.1, we use income-compensation based notion of elasticity, S¢, rather than the
utility—compensation based notion S¥.
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w the perceived marginal retention

perceived retention schedule, and ¢*"(q, Q,ro) (z) =
rate. Faced with this tax schedule, the behavior of the agent can be represented by the following
problem

smax u"(c,z) st. c=R(z).
Smax (¢,2) (2)

This formulation implies that the agent’s choice (c, ) satisfies ¢ = R (z) and
¢*" (2)ug (¢, 2) +uf (¢, 2) = 0,

instead of the traditional condition ¢ (z)ul (¢,z) 4+ u? (¢, z) = 0. This means that the agent cor-
rectly perceives consumption and income (¢, z) but misperceives his marginal retention rate ¢>" (z).
Together with ¢ = R (z), this characterizes the behavior of the agent.®

Accordingly, we define 2" (¢q,¢°,r) to be the solution of ¢*"ul (¢,z) + u? (¢,z) = 0 with ¢ =

qz + .87 The income z (n) of agent n is then the solution of the fixed point equation

z=2"(q(2),4" (¢, Q,m0) (2),7(2))

his consumption is ¢ (n) = R(z (n)) and his utility is v (n) = u™ (¢ (n), z (n)).

Summing up, in the misperception model, the primitives are a utility function v and a per-
ception function ¢° (¢, Q,79) (z). This yields an income function z (¢, ¢*,7). The general function
2(q,Q,ro,7) is then z (¢ (2'),Q,ro,7) = 2 (¢ (2'),¢° (¢, Q,70) (') , 1) for any earnings z’.

One concrete example of misperception is ¢*"(q, Q,70) = ¢° (¢, Q, 1) With

ro+ [y q(2)dZ

¢°(¢,Q,70) (2) = mq (2) + (1 = m) [aq" (Q) + (1 — o) p

)

where m € [0,1] is the attention to the true tax (hence retention) rate, M

retention rate (as in Liebman and Zeckhauser (2004)), and o € [0,1]. The default perceived

is the average

retention rate might be a weighted average of marginal rates, e.g. ¢*(Q) = [ ¢ (2)w (2) dz for some
weights w (z).

As in the Ramsey case, it is useful to express behavioral elasticities as a function of an agent
without behavioral biases. Call 2" (¢°,7") = arg max, u (¢°z + 1/, z) the earnings of a rational agent
facing marginal tax rate ¢° and extra non-labor income 7’. Then, z(q,¢°,7) = 2" (¢°,7") where r’
solves 77 + ¢°2" (¢°,7") = r + qz" (¢°,7"). We call S" (¢°,7") = g—;: (¢°,r") — % (q¢°,7") 2" (¢°,7") the
rational compensated sensitivity of labor supply (it is just a scalar). We also define (¢ = g as
the compensated elasticity of labor supply of the agent if he were rational.

We define m.. = ¢; (¢, Q, 7o) (2) as the attention to the own marginal retention rate and m..~ =

86This is a sparse max problem with a non-linear budget constraint, which generalizes the sparse max with a
linear budget constraint we analyzed in section 3.1. The true constraint is ¢ = R (z), but the perceived constraint is

c=R>" (q7 Qa TO) (Z)

87If there are several solutions, we choose the one that yields the greatest utility.
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.. (¢, Q7o) (2) as the marginal impact on the perceived marginal retention rate at 2 of an increase
in the marginal retention rate at z*. Then, we have the following concrete values for the elasticities

of the general model (the derivation is in Section 11.2.2 of the appendix):

c T—7° cr c T—7° cr
¢“ = <1 -1 q ) ¢'m.., CQZ* = (1 -0 q ) ¢, (85)
b 7 _TT_TS . (86)

If the behavioral agent overestimates the tax rate (7 — 78 < 0), the term 7°

is negative. Loosely,
we can think of 7° as indexing an “underperception” of the marginal tax rate. In the traditional

model without behavioral biases, m..- = 1,—.-, 7° = 7 and 7° = 0.

Decision vs. experienced utility model In the decision vs. experienced utility model,
behavior is represented by the maximization of a subjective decision utility u® (¢, z) subject to the
budget constraint ¢ = R (z). We then have ¢5.. = 0, and ¢ and 7 are the elasticities associated
with decision utility u®. The behavioral wedge is

) eul — u, -
T = - . 8
- (57)

Other useful concepts and notations We next study the impact of the above changes on
welfare. Following Saez (2001), we call h (z) the density of agents with earnings z at the optimum
and H (z) = [ h(2')dz'. We also introduce the virtual density h* (z) = 1B ___p ().

q(2)—C°2R"(2)
We define the social marginal utility of income

V() =g(:)+ 1Dy (1) - P ()

1-T"(2) (88)

This definition is the analogue of the corresponding definition in the Ramsey model. It is
motivated by Lemma 11.2 in the online appendix, which shows that, if the government transfers a
lump-sum dK to an agent previously earning z, the objective function of the government increases
by 6L (z) = (v(2) — 1) 0 K. The social marginal utility of income ~y (z) reflects a direct effect g (2) of

that transfer to the agent’s welfare, and an indirect effect on labor supply captured—to the leading

order as the agent receives d K, his labor supply changes by 1:71(522) 0K, which impacts tax revenues
by 1_";2,2@ T’ (z) 0K and welfare by 1_"}2,22) 7°(2) §K; the terms featuring };:((ZZ)) (in practice often close

to 1) capture the fact that the agent’s marginal tax rate changes as the agent adjusts his labor

supply, which impacts tax revenues and welfare because misoptimization.
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10.2.2 Optimal Income Tax Formula

We next present the optimal income tax formula. The online appendix (section 11.2.1) presents the

intermediary steps used in the derivation of this formula.

Proposition 10.1 Optimal tazes satisfy the following formulas (for all z*)

T (z)—7(2) 1 1—H(z*) [~ (s h(2)
1-T' () Co(2*) 2h* (2%) / C=vCE) =7
_ /°° G.. ()T (2) =7 (2) 2h"(2)
o (=) 1-T"(2) =z*h*(z*)

This formula can also be expressed as a modification of the Saez (2001) formula

() - P ) [ T () - 7 (2)
Ty 1=T()

dz (90)

* i CEQZ* (Z) > ,f{: (s)ds , Céz/ (Z) , zh* (Z)
w(Z ,Z) - < CC(Z*) - /Z,Z*e o P8)d P(Z) CC(Z*) dz —Z*h* (Z*)

The first term ﬁ% [ A=7(2) 1_}}5@*)@ on the right-hand side of the optimal tax

formula (89) is a simple reformulation of Saez’s formula, using the concept of social marginal utility

of income 7y (z) rather than the marginal social welfare weight g (z) The link between the two is
1 (oo €0, (B) T (2)—70(2) _ h*(2) . .
> Jo ey 1Tk W) dz on the right-hand side is new
1:}/((22) on the left-hand side.

The intuition is as follows. First, suppose for concreteness that (g (z) > 0, then increasing the

in equation (88)). The second term —

and captures a misoptimization effect together with the term

marginal tax rate at z* leads the agents at another income z to perceive higher taxes on average,
which leads them to decrease their labor supply and reduces tax revenues. Ceteris paribus, this
consideration pushes towards a lower tax rate, compared to the Saez optimal tax formula. Second,
suppose for concreteness that 7° (z) < 0, then increasing the marginal tax rate at z* further reduces
welfare. This, again, pushes towards a lower tax rate.

The modified Saez formula (90) uses the concept of the social marginal welfare weight g (z)
rather than the social marginal utility of income 7y (z). It is easily obtained from formula (89) using
equation (88). When there are no income effects so that n = p (2) = 0, the optimal tax formula (89)
and the modified Saez formula (90) are identical. They coincide with the traditional Saez formula
when there are no behavioral biases so that (f, , (2) = w(z*,2) = 7°(z) = 0. In this case, the

left-hand side of (90) is simply f;(,z(?*) so that the formula solves for the optimal marginal tax rate
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T (z*) at z*.

The formula is expressed in terms of endogenous objects or “sufficient statistics”: social marginal
welfare weights ¢ (2), elasticities of substitution (¢ (z), income elasticities 7 (z), and income distri-
bution h (z) and h* (z). With behavioral agents, there are two differences. First, there are two ad-
ditional sufficient statistic, namely the behavioral wedge 7°(z) and the behavioral cross-elasticities
5. (). Second, it is not possible to solve out the optimal marginal tax rate in closed form. In-
stead, the modified Saez formula (90) at different values of z* form a system of linear equations
in the optimal marginal tax rates 7" (z) for all z. The formula simplifies greatly in the case where
behavioral biases can be represented b)g a decision vs. experienced utility model. Indeed, we then
have w (2*,2) = 0 and 7° (2) = g (2) i:uz, so that there is no linear system of equations to solve

out to recover 1" (2).

10.2.3 Marginal Tax Rate for Top Incomes

We start by revisiting the classic result that if the income distribution is bounded at z.y, then
the top marginal income tax rate should be zero. In our model, this needs not be the case. One
simple way to see that is to consider the case of decision vs. experienced utility. The tax formula
(89) prescribes T" (Zmax) = 7° (2max) Which is positive or negative depending on whether top earners
overperceive or underperceive the benefits of work (underperceive or overperceive the costs of work).
We now derive a formula for the marginal rate at very high incomes when the income distribution
is unbounded at the top. It proves convenient to consider a (high) zy above which we consider
that incomes are “top incomes”, and the marginal rate is constant. We consider tax systems
With constant marginal tax rates for z > z;. We assume that g(z) = g for z > z,. We call
fZO CQZ z)dz, the sensitivity to the asymptotic tax rate. This is the elasticity of earnings
of an 1nd1v1dual at earnings z < 2y to an increase to the top rate, arising perhaps because of
a misperception of the tax environment. Concretely, think of the recent case of France where
increasing the top rate to 75% might have created an adverse general climate with the perception
that even earners the top income would pay higher taxes.
We call 7, ,¢  the asymptotic values for large incomes and 7 the Pareto exponent of the

earnings distribution (i.e. when z is large, 1 — H (2) o 2z~ ™). We define the weighted means:
T (2)—7 (Z)h*(z)dz

P Yh(2)zdz * c ICC /(2
E* ¢ (2)] = fq}¢ (zdz and [E [Cq} T’(z)1 jé)) .
J T h*(z)dz

Proposition 10.2 (Optimal tax rate for top incomes) The optimal marginal rate T for top incomes
18

(91)

\1|

~g— B+ ngr
~G—B+Cn+7

where

T (2) - %(b(z)}ﬂ EE gog

f=FE [ 1-T"(2) E[z1.5.,]
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This generalizes the Saez (2001) formula which can be recovered in the particular case where
B = 7% = 0. The intuition is as follows—the 3 term reflects not only the fact that the top marginal
tax rate affects not only top earners, but also the tax perceived by agents at all points of the income
distribution with associated effects on tax revenues. The more increasing the top tax rate lowers
all incomes (the higher (¢ (z)), the higher 3, and the lower the optimal top tax rate.

The 7° terms are positive (resp. negative) when top earners overperceive (resp. underperceive)
the marginal benefits of effort or underperceive (resp. overperceive) taxes. These terms lead to
higher (resp. lower) optimal top rates compared to the Saez formula.

Consider the typical Saez calibration with (¢ (oc0) = 0.2, n = 0 and 7 = 2. If the typical tax

is T"(z) ~ 1 so that E? [ I'(z) ] ~ 1 we take 2z to be at the top 1% quantile of the income

3 1-T'(z) | — 20
distribution. Piketty and Saez (2003) (updated 2015) report that the income share of the top 1% is
Elz 1 .. . e | T(2)—=70(2) E[z x [~c] _— 1o 1 m* [+c]
20%, so that E[zl!,zo] = 55 This implies that § = E [ 1(_)T,(Z§ ] WE[zl.[zz]zo]E [¢8] = 3255E [¢¢] =

oE* [Cg} Also, we take top earnings to be well calibrated, i.e. 7° = 0.

The average cross-influence E* [Cﬂ does not appear to have ever been measured. It is assumed
to be 0 in the traditional model. We propose the following thought experiment to gauge its po-
tential magnitude. Suppose that increasing the top rate by 10% will decrease earnings outside
the top bracket by = 1%. Then, E* [Cg} =(1-T'(2))Z = (1-3) g& = 6.7, which gives an
interpretable benchmark that we now use.

Take first the case where g = 0, i.e. where the top optimal tax rate maximizes revenues raised
from top earners. With rational agents (x = 0), the top marginal tax rate is 7 = 71%. If x = 1%,
then 7 = 62%, and if x = 2%, then 7 = 45%. If x = —1%, then 7 = 77%.*® When the weight
on top earnings is higher, say g = 0.2, the corresponding numbers for the top rate are: 67%, 53%,
25%, and 74%. This illustrates the potentially large importance of the behavioral cross-impact of
the top tax rate, a sufficient statistic that is assumed to be zero in traditional analyses.

The behavioral wedge 7° does not affect the optimal tax rate when § = 0. When g = 0.5, the
optimal top rate increases from 56% to 67% when the internality goes from no misperception of

taxes by top earners (7° = 0) to underperception of taxes by top earners (7° = 0.5).

10.2.4 Possibility of Negative Marginal Income Tax Rates

In the traditional model with no behavioral biases, negative marginal income tax rates can never
arise at the optimum. With behavioral biases negative marginal income tax rates are possible at the
optimum. To see this, consider for example the decision vs. experienced utility model with decision
utility ©® and assume that u® is quasilinear so that there are no income effects u® (¢, z) = ¢ — ¢ (2).
We take experienced utility to be u(c,z) = 0c — ¢ (z). Then the modified Saez formula (90)

88We thank Thomas Piketty for suggesting to us that if workers are happier, and strike less, because taxes on the
wealthy are high, then z < 0.
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becomes

T (z*)—7(2*) 1 1-—H(z) [~ Cals h(z) s
1— T (%) _CC(Z*) h* (%) /Z* (I—g( ))1—H(Z*) )

where 7 (2) = —g (2) ¢/ (2) &% by (87). When 6 > 1, we have 7 (2*) < 0, and it is possible for this
formula to yield 7" (z*) < 0. This occurs if agents undervalue the benefits or overvalue the costs
from higher labor supply. For example, it could be the case that working more leads to higher human
capital accumulation and higher future wages, but that these benefits are underperceived by agents,
which could be captured in reduced form by # > 1. Such biases could be particularly relevant at
the bottom of the income distribution (see Chetty and Saez (2013) for a review of the evidence). If
these biases are strong enough, the modified Saez formula could predict negative marginal income
tax rates at the bottom of the income distribution. This could provide a behavioral rationale for
the EITC program.®® In parallel and independent work, Gerritsen (2016) and Lockwood (2017)
derive a modified Saez formula in the context of decision vs. experienced utility model.Lockwood
(2017) zooms in on the EITC program and provides an empirical analysis documenting significant
present-bias among EITC recipients and shows that a calibrated version of the model goes a long
way towards rationalizing the negative marginal tax rates associated with the EITC program.
This differs from alternative rationales for negative marginal income tax rates that have been
put forth in the traditional literature. For example, Saez (2002) shows that if the Mirrlees model
is extended to allow for an extensive margin of labor supply, then negative marginal income tax
rates can arise at the optimum. We refer the reader to the online appendix (section 10.3.1) for a

behavioral treatment of the Saez (2002)extensive margin of labor supply model.

10.3 Complements on the Mirrlees problem
10.3.1 Mirrlees problem with extensive margin

We provide a behavioral enrichment to Saez (2002). We take his simplest framework (Proposition
1). Activity 0 is unemployment, and there are I other activities. One type i of agent chooses
between working and not working: working gives utility u” (¢;,4), not working utility u” (co,0),

where ¢; = z; — T (z;). If the agent is rational, he solves

i* = arg max u" (¢, 1),
i*€{0,i}

but our behavioral agent may make a mistake. E.g., in the misperception model, he might perceive

c;, so that he decides according to

i* = arg max u™” (¢, 1).

i*e{0,i}

89The EITC program itself could be misperceived, see Chetty et al. (2013).
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In general, we will simply model the choice as some i* (h,{7};}). We say that an agent is “at the
margin for tax i” if the agent changes activity as tax ¢ changes B;” = {m s.t. 9i* (h,{T};}) /OT; < 0}
(which is the set of agent moving into active employment if the tax rate on activity 4 falls) and
B ={ms.t. 0i* (h,{T;}) /OT; > 0} (which is the set of agent moving out of active employment if
the tax rate on activity 7 falls). The normal case is that B; is an empty set. The derivative is in
the sense of distributions, and simply indicates a change in agent’s behavior.

Suppose that the government increases tax 7; on activity ¢ by d7;. That induces a quantity dH,

of people to switch to employment, where

dT;

()

dH; = —Hjm;i

We have h; ({1}}) =number of agents of type j who work.
Each h has a potential earnings level j (h). We call

7-]’?1. = — Z E [ep™ (uh (cj,j) —u" (¢0,0)) | j(h) =jand h € Bf] .
ee{—,+}

We have

6HJ
== ) /51@ (h)=j and hepzydv (m) .

ee{—,+}

The change in welfare from d7; is then

dL = (1 —g;) H,dT; — Z Z / T To+ p™ ( (¢, J) — uh(co,O))} L(j(h)=j and hepeydv (m)

J ee{—,+}
8HJ o
= (1—g) HidT; + > (Tj — Ty) - > " (¢js3) — u" (c0,0))] 1j(n)=jand nepeydv (m)
J J ee{—+}
OH’
1—g¢;) H;dT; T T,
= (1—g:) + Xj: 0— ) T,
dT;
— (1 — gx) szﬂ — Z (T TO ) Hjnjl — CO.

J

Hence, at the optimum:
T; — Ty — 7' i H
YLy = (1 ).
c—c H; 7 =09

J
For instance, suppose that people overestimate taxes, i.e. underperceive the benefits from

working: ¢ < ¢;, and no cross-effects. Then,

0= =1 Z E [en™ (u" (c;, i) — u" (co,0)) | j (h) = jand h € B;] .
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10.3.2 Supply Elasticities: Mirrlees case

We now verify that the logic of section 5.1 applies to the Mirrlees case: with behavioral agent, the
supply elasticities generally are featured in the optimal income tax formula. To make the point,
take the case where the aggregate constraint is: ® ([ nL (n) f (n)dn) < g+ [c(n) f (n)dn, where
® (L) is an aggregate production function. Indeed, recall that in the Mirrlees framework an agent
of productivity n is considered to supply n units of effective labor. Call w = &' (L) the wage
rate. We can extend the analysis of section 4, with an index w (which can be thought as being
normalized to w = 1 in that section). Then, we can write the agents’ utility function problem as
u (¢, z,w) = U (c, ﬁ) and the earnings supply as z" (¢, Q, 79,7, w) = wnlL™ (q,Q, 1,7, w). Other
functions acquire a w term, e.g. indirect utility becomes v™ (¢, @, ro, 7, w). Given a tax system, the

equilibrium wage w satisfies:

w=73 ( / @ Qiro,rw) ) dn> , (92)

w

which defines an equilibrium wage w (Q, ro)

The objective function is:

L@ = [weom) s ( [Z2 @) - [ e o in).

and we can define L (Q, 1) = L (Q, 10, w (Q,79)) when taking into account the equilibrium wage w.

Proposition 10.3 In the Mirrlees model, suppose that the production function is imperfectly elas-

tic. Then, the optimum tax features L, . (Q,79) = 0, with

LQZ* (Qv TO) = LQZ* (Qv To, w) + Ly (Qv 70, w) wQ .« (Q> 7’0) . (93>

The term Lq_. (Q,ro, w), with fived wage, was calculated in Proposition 11.1 (with the normalization
w = 1). Hence, the optimal tax formula wg._. (Q,79) generally depends on production elasticity, and

does not coincide with the one in Section 5.1.

When agents are rational, one can verify that L, (Q, 7, w) = 0 at the optimum (see the proof of
Proposition 10.3). Hence, in the traditional analysis, the supply elasticity (captured by wg_. (Q,70))

doesn’t appear in the optimal tax formula. This is not true any more with a behavioral model.
Proof of Proposition 10.3 The tax formula in the Proposition follows from the Chain rule.

Next, we verify that when agents are rational, L, = 0 at w = wy. We normalize wy = 1 for

simplicity. Suppose a given value of w and R(z). Define R( ,w) = R(Z'w). Then, as 2" =
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argmax, U™ (R (z),2), ie.

- arg max U" (é (i,w> ,i> )
w w nw

So L(R(),w) = L (E(,w) : 1). That is, the welfare is the same as if we had a different

tax system R, and a wage w = 1. Thus, given we started at an optimum tax system (R°(-) =
argmaxp() L (R (-),1)), we have Lz (ﬁ, 1) =0, hence L,, = 0.0J

11 Proofs not included in the paper

11.1 General proofs

Proof of Proposition 2.2 We observe that a tax 7; modifies the externality as:

n A€
c , W + ch
EE W LACO R
so & — DL The term —=1— represents the “multiplier” effect of one unit of pollution
dr; 137, Encp 137 Enct

on consumption, then on more pollution. So, calling %no * the value of 8L Wlthout the externality

(that was derived in Proposition 2.1)

oL 9L™* h dg W Ve h
or, O dTZ{ZW h+/\;7"05(q7w7§)}——n;[5 v—h+>\7-'c£

thchc f h = h
= —Zhﬁchc _ff, + AT e ::Z&hcqi.

Using Proposition 2.1,

oL
87}

=D (A =AM+ A SOt — phrth . SO 4 B - (—cidl 4+ ST
h

= DI 4" =B i)l + AT+ S6a) - ST - B 8PN
h

Proof of Proposition 2.4 We have, from Proposition 13.5

= (C") —ug (C") +p—p T - = — = (1 - M) T
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hence

&:h &:h

ey LA L e i

&h
3 I (et (1= M) 7) = [ — (1= M) L e,

Hence, Proposition 2.2 implies:

&h &h
DTt = =S (7= =) = =S MVS 1 (1= M") T — )
h h h
(94)
O
Proof of Proposition 3.1
We start from the Ramsey planning problem in (12). Define

YL _

L= VZ [ Ci 7’{ —y — (p; + Ti)ci(n)} + )\izlnci(n)

where ¢; = (p; + mm)_wi. The first-order condition with respect to 7; is:

ci(n)} + A {ci(fi) + Tgﬂ =0

Note that Ci(Ti>_1/wi = p; + m;7; and Oc;/OT; = prLer —m;, we can rewrite the FOC as:
A _wici(Ti>mi:|
L. = Sl my | i — Y (N = Y)elT
=2 ) sl ()

Simplifying gives us:

(A + %ml) Yimim; = A(p; +myT;)

which gives an explicit expression for 7;:
i Yimi A+ (1= Nm; — AJyp; ym? 1+ A (M)

Derivation of (14), the approximate loss from taxation of inattentive agents We give
two proofs of this result. The first, and most elementary one, is that this is a Corollary to Lemma
9.2, using the behavioral elasticity a; = m;;.

The other proof is as follow. Because utility is quasilinear, v (p, p*,w) = w + v (p, p*,0), so
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e(p,p®,0) = —v (p,p°®,0). We have

L(T)=u(c)+IT-c
=v(p+Tp+T W) FAT-c(p+ TP+ T W)
=w—e(P+7,p+7°,0)+(A+A)T clp+7,p+7°,0).

By Taylor expansion, around (7, 7%) = (0,0), using Propositions 12.1 and 12.5, we have:

1 1
e(p+1,p+7°0) —e(p,p) = [epT + €psT°] + [57'6,,,,7' + TeppsT* + §TS/6pspsTs:| +o (|l
1
=[c'T+0-7°] + [O +78"1° + 57'5’5“7'8} +o0 (||'r||2)
1
=clr+78 T+ §TS/STTS +o ([T

Using Proposition 12.3,

T-c(p+T,p+71Ww)=T" (cd+cp7-+cps7-s)

T (" +0+ ST +o(|7]) =Tt + 'S + o (||T|)

L(T)=LO0)=—e(p+T,p+7°0)—ce(p,p)+(1+N)T -c(p+71,p+7T°,w)
1
= —clr — 7815 — 575’5”"7'5 +(1+A) (r* +7'S"-7°) +o (||T||2)
=A(rc’ +7'8" - 7%) — %TS,STTS +o (||‘r||2)

= Aret — LS o (Ir) +O (I A).

Proof of Proposition 3.3 We now assume that there are several consumers, indexed by

h =1..H. Agent h maximizes u" (cg‘ , ch) =cp+U" (ch). The associated externality/internality is

&', He pays an attention m” to the tax so that perceived taxes are 7§ = m"r. The government

is utilitarian, so that the government planning problem is
S UM (") - (p+ ") (95)
h

We call ¢** = arg max.» U" (ch) — (p + §h) c" the quantity consumed by the agent at the first best.
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To make things transparent, we specify

which using U = % = ¢°, implies a demand function ¢ (¢*) = a — ¥g*.%°

After some algebraic manipulations, social welfare compared to the first best can be written as

v
L(r)=—3 ; (mhr — €M), (96)
The first best cannot be implemented unless all agents have the same ideal Pigouvian tax, £"/m".
Heterogeneity in attention creates welfare losses.

Optimal Pigouvian taz. At the optimum, UM (ch*) = p+&. If the agent perceives only m"r, his

demand is off the ideal ¢™* (up to second order terms) as:
= (mhr — {h) :

This expression is exact in the quadratic functional form about, and otherwise the leading term
of a Taylor expansion of a general function, with now the interpretation ¥ = "¢ then. So the

welfare loss is:
h _ 1i/h h*_lh//_ . __¢h 2__1 h_ _ ¢h\2
L= Wh =W = o (<0 (7 = €))7 = =W (' — "),

and social welfare is L =%, L" = =25~ (mhr — §h)2
Because L, = -V ), mh (th — fh), the optimal tax is

x _ Zh ghmh _ E [fhmh}
Zh ml2z E [mh2] .

T

99The expressions in the rest of this section are exact with this quadratic utility specification. For general utility
functions, they hold provided that they are understood as the leading order terms in a Taylor expansion around an
economy with no heterogeneity.
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Let us calculate V = E [(th — ﬁh)Q] at this optimum 7 = 7%,

V=E [th] ™2 —2FE [mhfh} ™+ E [§h2]

2

E [&m” E [&m” E [&ym"]’

S ] e Moy P e LT B % R Y5
E ] B [ B ]

E[G)E [m"’] - E [gm"]’
N E [mhﬂ
hence the welfare loss is: L = —3H \I/E[gi]E[m;[l:h(z?[Ehth .
If there is no tax, the loss is (from equation 96):
v v 1
L= 2y (m"0-¢") = 5y G =~ HVE[G)].
h h

E[e3]e[m"*] - (E[eum"])’
smiElg]
Optimal quantity mandate. Welfare is ), [Uh (c*) — (p + fh) c*}. The optimal quantity restric-
tion c¢* is characterized by:

SO, L —_ Lno tax

1 h! [ %\ __ 1 h
H;U (c>_p+H§h:§. (97)
The welfare loss compared to the first best, which entails U™ (ch*) =p+£&is
1 % 2 11 * 2
L" = éUh” (¢) (ch - c*) =359 (ch — c*) :

The best consumption satisfies: L?* = %Zh % (ch* — c*) =0,ie. c*=E [ch*]

The loss is:

Proof of Proposition 3.4 Equation (11) then yields the optimal tax:
7= (E[M"S"M"])"'E [M"] §"7¥. (98)
withtX = (&,,0)" .

When agents have uniform misperceptions (M" = M), the optimal tax is 7 = M '7X. This
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implies 71 = 51 . This is no longer true when

misperceptions are not uniform.

We have <]E [Mh/STMhD =S7E [mhm!] and (E [M"S"]). =E

[mh} ST, Matrix inversion
1] ? )

ij
gives:

ST1SToE [ma] (E [m3] E [my] — E [mymy] E [m,])
detE [M" S"M"]

Ex

Ty =

Because E [M LY § h} is a dimension 2 x 2 and has negative roots (there is a good 0, so that

S” is the block matrix excluding good 0, and has only negative root), detE [M MST M h] > 0.
The condition in the Proposition is that E [m?] E [mg] — E [myms] E[m;] > 0. Hence, sign (r2) =
—sign (Si2).

The quadratic case simply gives a constant matrix S".[J

Proof of Proposition 3.8

0= ql Z ) @ict + AT - S g,]
h

Z 7 qzc +)\ZT]SC“¢.
h
Summing over ¢ in the account gives:
O:Z quc +>\ZT]ZSCkh ;
h

kh
SC

i~

0= [(A="" Zqic?] =0

h

By the traditional Slutsky relation with account > ; = 0 for all j, h, so

With just one type of agent h, this gives A — +* = 0. This implies, for all 7 :
Z TijC;’kqi =0.
J

This first order condition is verified by 7; = 7 for all j. For a generic Slutsky matrix, the only
solution of z - S = 0 is x = tq for some real t (we do not have a proof of this, but this is highly

likely). This implies that 7; = 7 for some 7. O

w;
PitTi

Proof of Proposition 3.9 Ramsey case. We have ¢; (1;) = The planner’s problem
entails:
max u; (¢; (1)) — (pi + 1) ¢; (1) + A1ici (73)

Ti
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. . : / _ ci(Ti)
which gives, using ¢ (1;) = — Py

[ (c) = (7 (L= )] =+ (A= 1) =0,

1.e.

u (¢;) = A (99)

When t} (¢;) = ¢¥" this gives the announced result, = Vi — 1.

Pigou case. The first best features u} (¢;) = p; + &, and the rigid mental account gives ¢; (7;) =
w;
i+’

where u} (w;) = p;. Hence, we have:

u/‘_l (pz) —1
G=—"——"=u Pi+&),
. (pi + &)

i.e. 1
Ti u; (pz)

P u "t (pi + &)

. i
When u} (¢;) = /¥ this gives the announced result, L= (1 + f) —-1.0

(2

Proof of Proposition 5.1 We compute the derivatives of the Lagrangian:

oL
87.141 = Z |:W,Uh <U7}}Zn + /Ull;p . pr) — Iu/p . <C¢;i _|_ CZ’p . pr):| .
h

7

To calculate this, let us make an analogy with our basic Ramsey model with fixed prices. We

expressed it L =W + A", (T - w), and it can be re-expressed:

asq-c"—w=0. S0

— . h
pizeaprice _ O(W =2 0p-c) ) [thvﬁ; — pp -

Ti orf -
=D (A=) I+ AF =7 S5 (100)
h
We then have
LTZ,N _ Lg):ed price + Z LTJP&“Z — Liied price + LTp . 8:‘;. (101)

J
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O

The intuition is as follows. With a full set of commodity taxes 77, we can rewrite the objective

function and the resource constraint in the planning problem as a function of g = p + 77. We can

then relax the planning problem

by dropping the competitive pricing equation, which is slack—this

equation can then simply be used to find 77 given the desired value of q. As a result, only the first

derivatives of the production function p = F’ enter the optimal tax formulas and not the second
derivatives F” (and hence do not depend on supply elasticities). With a restricted set of commodity

taxes 7P, this relaxation of the planning problem fails, the competitive pricing equation cannot be

dropped, and the optimal tax formulas depend on the second derivatives F” (and hence depend on

supply elasticities).[]

Proof of Lemma 9.4 We

observe that a tax 7°" modifies the externality as:

drs

dé- ({wh} , {TSJL}) = gchchs h (Q7w7£) _'_ chhlcgj dé_
m

SO

h de’h ’

dg ({w"} {m"}) o (102)

Also di_h =Enc, (q,w, &) +

de’h ]_ — Zh’ fch/Clgl '

! d,
Zh’ fch’cg Wéha SO

d¢ Eench,
_ wh 103
dwh 1 =37, et (103)

We note that the FOC of (82) in w" is

dg ’ ’
_.h s,h rh 2 : s,h
0 vwh + A (T ) th o 1) + _d,wh vf + AT ) Cf
h/

=vl + A (" c

:UZh—F)\(TSh'C

= vh’f — A

=rh’

h
chC / sh!/ =rh’

w 1-— Zh’ fch/C£ Y
Tw}; — 1) + £CthhE = vgh + A (Ts’h . c’"w’z — 1) — )\’/’Shczjh

which confirms that at the optimum "¢ = X for all agents — even if the tax hasn’t been optimized

upon.
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g({Ts’h}):?ah}}fzvr(p_l_T& ’f —i—AZ h. @ p—|—7’ whjg)_wh}

=max » v (p + 750w ,f —i— /\Z p-C p + 75 wh, 5)} [probably not useful]

{wh} h

(p+7") c=n"

We take the derivatives (82):

r S r dg / sk =r
s (7eard) = (V=) &7 el 20 S [t xee - ]
h/

5 hchs h / /o =r
= (A — UZ P VL S ; o AL by (102)
( ) P 1 — Zh/ fch’cg ; § 3

— ()\ _ UZ}) Chr _|_)\7_sh hr +£chc7—sh\—4
=(A=0b) "+ )\Ts’hc;”’ - )\Tfhc’;

SO i) A

= A=)+ A (T =) [S" — ]

— P\ _ ULL} —A (Ts,h . Tﬁh) Cw} A (7_8, _ 7_fh) Shr
=\ (75" — 7%) 5P (104)

Hence, observing that 75" — 7¢" = 0 at the optimum,

d Eh s,h"!
Grotireir = AS"" <1h:h’ . U })> ~ (105)

drst

Ezxzample with quasi-linear utility, additive externality

vh
> |:ﬁhv,%+)\7'~cg]
When u (¢, &) = u(c, ..., cn)—i—)\co%—%f, we have ¢ (p, ) independent of £, and = = 1—Zw£ =
h SchCe
1, and 78" = —i&ch.
Tf,h h rh!
SO, —st’h/ = /\fchch ah = _igchch’s h:
de’h 1 ’
o /S?"h
de,h/ )\gchch )
SO
Gretr = NS Loy + HS™E o ST (106)

h
> { +)\T cg]
1- Zh gehcf
1. And 7¢" = —igch ({TSh}) When {7’ W } are held constant, varying 7 changing ¢ and &, but

doesn’t change the marginal utility of the agent —h’, so doesn’t change their consumption, so

That should generalize to additive externality: u (¢, §) = u (c)+ 4&. Then E =
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dh’ —Oforh”;éh’

1" 1
oc dwh

drsh dc” 1 , 1
- = e E =t — ——
dT37h/ 5 cheh! d h' )\SChCh + B! >\€Ch6h dwh" dTh’

I
1 ’ ’ ’ dwh
rh h h
Xfchchl S — th/C -+ th/ _d/rh/

1 rh B dwh/
= _chhch’ [S - th/ (C — W .

as Y™ = ol + X (79" — 7). ! = X implies dv + X (d7°") - ¢,, = 0.0

Proof of Proposition 9.2 We have apply our tax formulas (9):
hoh ok h h X,h ho h x.h
ZL Z[(A—7 ( —m)) — AT —i—’yxn}\I/TX

_— ZLhyhch \I/Z )\ 'y 1 - )) D v vhxnh} nh
= Z —hyheh — pghy }
h

where
= ()\ - 7h (1 — mh)) T — M 4 vhxnh.

Likewise,

0L
5 = Z [()\ — )t — \I/thh} :
h

The problem is max, , L (7, x) s.t. x > 0,7 > 0. The Lagrangian is:

L*(1,x) = L(r,x) + mx +7'T,

where 7, 7" are Lagrangian multipliers.

We observe that when there is no intervention (7 = x = 0), then 2" < 0.

T
L A — At
— = ml? M — Wl
SO h hh
L Lo AT L w A
mh nh mh nh .
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If the optimum features x > 0,7 =0, then L, = —7’ < 0 = L, , which implies A < 0.

If the optimum features x = 0,7 > 0, then L, = —7 < 0 = L., which implies A > 0.

If the optimum features Y = 7 = 0, then L, = —7 < 0, L, = —7/ < 0, so ¥z >
max (—t"y"c", (A = 4") ¢"). This implies in particular that A < 4"

We note that if the problem had with no inequality constraints, and just one type of agent, then
an interior solution features: A — 4" = —/"y". there is a large subsidy in place, (to help the agent),
and the excess consumption is corrected via the nudge. That is, the policy is to “Subsidize the poor,

and nudge them away from the good at the same time”. This results is a bit knife-edge.

Proof of Proposition 9.22 We note that for any tax system,

L{7"} A"} A" )) = L{7 ) A7) o + (0 =) (ot 0w, ) ).

and

L ({5} At {w"}) =W (" (p+ 75" 0", €)) + /\Z |:7' .t (p+ 7" w &) — wh] .

h

Here w,w* € R?. Cally = ({7}, {r*"}) € R*"! (with n the number of goods). The first best
(in a world with externalities) has (w*,y*). We call w** (y) the optimal redistribution given a tax

system y. So, w* = w*™* (y*).

LtOt =L (wvy) — L (w*vy*>
=[L(w,y) = L (w™ (y),y)] + [L (™ (y),y) — L (w™ (y),y")]

= % (w —w™ (y)) - Luw (W™ (y),y) - (w —w™ (y)) + % (Y = Y") gyy (v — y") by Lemma 15.3

— Ldistribution + Ldistortion

B = 2y — ™ (4)) - Lo (0 () 1) - (0 = 0™ (3)

istortion 1 * *
LI = = (y = y") 9o (v = 7).

Redistribution terms
From Lemma 15.2, the expression of the loss involves L, (w,7) = ~%" — ), the social marginal

utility. Applying that Lemma 15.2 gives a loss:

N 1 _
pasmton = =% (3 =) (Luw (w,7) ), (7 =7) - (109)

h,h!
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Taz distortion terms
We have Léistortion — 2 (y — y*) g, (y — y*). Note that g (y) = g ({7°}).

O

Proof of Lemma 9.2 Demand is:

¢i (1) = v (1 —a;; + 0 (%2)) ) (110)
Hence have:
L= Z Ul(ei (1) — (1 +7) ¢ (1) + (14 A) i (73)

— Z U (ci (13)) — ¢ (13) + Atici (T3)

= Zfz (1;) + Amici (13)
with

fi (1) = F' (c; (13)), Fi'(c)=U"(c) —c.
We have

i (r) = £i(0) = £ (0) 7+ 57 )7 + 0 ()

fi () = F" (¢ (13)) ¢ (13)
F(m) = F" (c; (1)) & (1) + F" (ci (1)) & (73) -

As F! (0) = 0, we have

fi(0)=0
£(0) = F" (c; (0)) ¢ (0)* = U/ () y7o? using (110)
—1
= ?%yia? using (62)
o2
= _ij
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SO

So the objective function is:

:——Z——yﬁ —I—AZTZCZ—FO( )+0(TA)-

Proof of Proposition 9.7  We use the extended utility function v" (q,

c" (q,w). We use the Roy’s identify with mental accounts, Proposition 9.8:

h

oL ot
5 = Z[th'UZk(i) h + Z thvwkw + )\c + T - c -+ Z kaw

3 U k()

(111)

w) and demand function

=Y g0 <c? 4 ) GORG), ) ZB’“ Tk Al 4 AT ((Sf”“(i)’h — Ml ) chkw ) 1
h

= [(A—ﬁk(i)’h—)\r c%&) +Z (B8 4+ AT -] Wk +)\<
h

— [<)\ C +kah kb ( _ zbk(i)h ) ‘SiCﬂk(z), L
h
8L — _ ~k@),hY A _ =bk(),h . kh kh
87-_2[()\ ¥ )ci+)\ T —T +27
! h

b,k(i),h) _ SC,k(z),h]’

i

Proof of Proposition 9.8 We first note a few simple identities. As B (c(p,w),p,w) =0

and v (p,w) = u(c(p,w)), we have:

Bee,, + By, =0, Beeyw + B =0, Upk = UeCuk. (112)
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We calculate:

0k e = 0. (113)

We are now ready to study Roy’s identity. We have:

Up; (p> w) _ UcCyp; (pa w) _ < Ue B. (c,p,w) B, (c,p,w) )
- =|{—+* - Cp;
/ka (p7 w) ka ka Bwk (C,p,w) Bwk (C,p,u)

Ue + Bc Bc
== — — | Cy. — —Cy,
U, Bwk Pi Bwk Pi

vp, (P, w) bk .o 4 D (114)
Vi, (P, W)

using (112).
Using (113) gives:

bk _ bk QCk
T e, =T Sj ,
SO
Up; (pvw) _ _Tb,k . SC’,k‘ + Bpi
J
Vg, (P, W) B,
O

Proof of Proposition 9.14 Case of an inattentive consumer. Call q, = p, + 7,. Equilibrium

requires q, = q, = 1. Competitive pricing in good 1 requires that firms choose inputs according

a; 1—ay
to: maxy,, 4, Di (”—“) (ll—”) — (1 + 7ia) lia — Lip with 70, = 0. Hence, the equilibrium price

o 1—qy

i—

is p; = (14 7,)", and input use features (1 + 7ig) lia = @PiYi, 50 lia = ; (1 + 734)" 1y,~ and
lp=(1—a;)(1+ 7)™ i
The planning problem is max,,, L (p;) with p; = (1 + 74,)"", so that:

L(p1) =co+ U (c1 (p1)) — &uca (1) — Z (lia (p1) + Liv (p1))
=U(c1 (p) = (&t on (14 71)" 7 + (1= 1) (1+7112)) 1 (p1) as co — (loa (p1) + lov (p1))

= 0% n) ~ (6ol T+ (0= ap) ).
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with ¢; (p1) = U1 (py).
Hence, as U¥ (¢1 (p1)) = p1,

1—-L _ L
Ly =) [ = (6l ™ (0= )| = (@ = 05 ™ 4 (1=} ),
When there is production efficiency, p; = 1 and,

Ly jra=0 = ¢1 (p1) [U (c1 (p1)) — (& + 1)]
= _5*0/1 (pl) > 0.

Hence, production efficiency is not an optimum. Starting from it, it is optimal to increase the tax
T14 to discourage the production of good 1, increase its price, and discourage its consumption.

Case of an attentive consumer. It is enough to do a Pigouvian tax 7{ = &,, and restore production
efficiency (71, = 1). Then, we achieve the first best. [J

Proof of Proposition 9.15 Suppose that ¢ = ¢°. Let e (¢, q) be the expenditure function
associated with ¢ (cy,...,¢,). Since ¢ is homogeneous of degree 1, we have e (¢,q) = ¢e(1,q).

Consider a non homogeneous tax system with associated prices q. Tax revenues are

n

Z o Z(% —pi)eq; (1,q) -
h i=1
Now consider a reformed uniform tax system with associated prices ¢; = xp; for some scalar x,
which delivers the same ¢y and the same ¢" for all h. We just need to solve in z the following
equation

e(l,q) =e(l,zp).

The reformed tax system leaves the experienced utility of all agents identical (this step crucially uses
¢ = ¢*). We claim that the reformed tax system also raises more revenues. This concludes the proof
that the optimal tax system must be uniform. Laroque (“Indirect taxation is superfluous under
separability and taste homogeneity: A simple proof,” FEconomics Letters 2005) presents related

arguments). This amounts to showing that

n n

Z(Qi —pi)eg (1,q) < Z(@ —pi)eg (1,4),

or using > ", gieq, (1,9) = e(1,q) =e(1,§) = >, dieg, (1,q) ,this amounts to showing that

0< Zpi[eqi (1,q) — eq, (1,9)],
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or equivalently since ¢; = xp;, to showing that
n
0 < Z(ji[eqz' (Lq) — Cq (LQ)]’
i=1

which holds by a straight revealed preference argument.

O

11.2 Additional Derivations for the Mirrlees Problem
11.2.1 Intermediary results for the Mirrlees problem

Impact of a change in taxes on earnings and individual utility We first study the
impact of a small change dq.+ of the marginal retention rate at z* and how it affects labor supply
at z (e.g. via misperceptions). We simultaneously study the impact of a lump-sum (independent of

z) virtual income change § K. It will prove conceptually and notationally useful to define:

Co. (2) = Co (2) + ¢ (2) 6. (27), (115)

where ¢, is a Dirac distribution at point 2. Hence, as (5, , (z) was a potentially smooth function of
=C
Z*, .. (z) is a generalized function of z*, in the sense of the theory of distributions. From now on,

we mostly use our notation convention of dropping the dependency on z.

Lemma 11.1 (Impact of changes in taxes on behavior and welfare) Suppose that there is a change
(0g.+).+>0 to marginal retention rate schedule and a lump sum increase in revenue 0K . The impact

on earnings and agent’s welfare is:

oK +z [;° EQz*dqz*dz*
Z =

11
q— CCZR// ? ( 6)
(5/0 Tb " © ¢ .
— =0K —z2— | (“R"éz +/ C..0q.-dz" | . (117)
(% q 0 :

In these equations, the integrals involving z fooo EQZ* 0q.+dz* should be understood in the sense of
the theory of distributions as 2¢° (2) dq. + [_; 2¢§_, (2) 6q.-dz* (reintroducing in these equations
the dependency on z), leading to

n(2) 6K +2¢°(2) dq. + fooo 260... (2) 0qz+dz*

e 1)~ () 2R (2 /
5_1}— _ZT_b C(x /" ~ Z—Zm ¢ (5 o > ZTb<Z) c P oda*
O O L = S OL S i = e MOL Ay

To interpret the economics of (116), start with an increase in income J K. It has, first, an impact
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on labor supply: it creates a direct change in earnings supply equal to géK . The additional term
(°zR" in the denominator of (116) is more subtle and arises from the fact that as the agent adjusts
his labor supply, he experiences a different marginal tax rate (which changes as R”0z), leading to

an additional change in income %CzR” 0z. The final expression solves for dz as a fixed point. The

term z fooo E;z*éqz*dz* reflects the impact of a change in the marginal tax rate on earnings. The
difference with Saez (2001) is that it is non-zero even when the change in the tax schedule occurs
at z* # z. This is because when agents have behavioral biases, a change of the marginal rate at z*
potentially affects the perceived tax at z.

In (117), the term § K is a mechanical income effect and is the only term present in the traditional
model of Saez (2001). The term —z%b (CCR”5Z + fooo ECQZ*(SqZ*dz*) represent the welfare impact aris-
ing from changes in behavior (as the envelope theorem no longer applies) because of misoptimization,

respectively, because movements in labor supply change the marginal tax rate (— sz (“R"§z) along

the initial schedule and because of changes in the tax schedule itself ( fo C 0..0q-+dz" ).

Impact of a change in taxes on social welfare We next study the impact of the above
changes on welfare. Following Saez (2001), we call h (z) the density of agents with earnings z at the
optimum, and H (z) = [ h . We also define the virtual density h* (z) = mh (2),

which can also be written as #&rmz)h (2).

Lemma 11.2 Under the conditions of the Lemma 11.1, the change in the government objective
function associated with the agent is
T"(2) =7 (2) h* ()

L) = (02) = 1) 3K + O”E;zxz)aqz*dz*, (18)

where 7 (z) is the marginal social utility of income:

™ (2)

T'(z) =7 (2) h* (2)
T (119)

T Tm e h )

v (2) =9(2) +n(2)

This definition of the social marginal utility of income 7 (2) is similar to the one we encountered
in the Ramsey problem. It encompasses the direct impact of one extra dollar on the agent’s
welfare (the g( ) term) and the impact coming from a change in labor supply on tax revenues

(1TT(,Z()Z)77( ) T h ) Compared to Saez (2001), it features a new term arising from the failure of the

envelope theorem Uy cront T(, ()) (1 — }Z((Z)))

The effect on the government objective function (118) is much like in the many-person Ramsey of
Proposition 2.1. The term (v (z) — 1) § K is a mechanical effect, abstracting from changes in behav-
ior. As the government gives (back) K to agent, the impact on revenues is —(5K While the impact

on the agent is valued as vy (2) d K. Next, there is a substitution effect — ’le B ~z [° C Q.. (2)0q~dz":
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as the agent changes his labor supply, there is a change in tax revenues proportional to

T' (2) =
— 0q.+dz".
1— 7" (Z) CQZ* (’Z) q z
Third, there is a misoptimization term, fTT, ©) h fo C 0. 2) 0q+dz*.

We also note the following first order cond1t10n for the 1ntercept of the tax schedule, rg.

Lemma 11.3 At the optimum,

[ (1m0 - R e @) e o (120)

2)
We next state the impact of a marginal change in the tax rate, ;T—L =— 88L
z* qz*

Proposition 11.1 (Impact of a local change on the marginal tax rate on the government objective

function) We have

8L_ o0 . *T/(Z*)_;b( . * ) 7~_b() )
O _/z* =7 @) &) dem =)y = / G Ty ((12)16)&.

This equation involves an equality between two generalized functions of z*. This is the in-
come tax equivalent of the formula in Proposition 2.1 for the many-person Ramsey. The three
terms in (121) correspond to the, by now familiar, mechanical ([ (1 — v (2)) k(2 )dz) substitution
(—C(= )1 T, *h*( *)), and misoptimization ({¢(z )l?bT;Z 2 (2)— [ 6. (2 th*( z)dz)
effects. The ﬁrst two terms are exactly as in Saez (2001), and the third one is new as it is present

only with behavioral agents. We will describe its meaning shortly. We also note that formula (121)

can be written in a more compact way as:

* *=c "(2) =T (2
(3875* :/Z* (1=~ (2)h(2)dz— i ZQ(Z)%,(Z)()ZW (2)d=. (122)

11.2.2 Proofs for the Mirrlees results

Notations and Derivation of relation (84) We take the material from section 7.1. The
extended good is the two-dimensional ¢ = (¢, z), the (generalized) price vector is ¢ = (1,¢, Q, 7).
The budget function is B (¢, q) = qi¢1 — q2¢a = ¢ — gz, so that the budget constraint is B (¢, q) < r.
Note that the Saez r is also the w in the rest of the paper (as the budget constraint is generally
expressed as B (c,q) < r); we still found useful to stick here to the Saez notations; so in the
derivations of the Mirrlees case, we will use r and w interchangeably, depending on what the

context calls for.
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Applying definition (34) gives

= (1,-q) - CELD) (123)
vy
We know that cg_. = gzg: (which comes from differentiating ¢ = gz +r w.r.t. Q}), so
!/
S5.. = (ca. 2q:) = (¢,1) zq:.
Proposition 7.1 implies:
vg., (g,7) b c b ! b
=t = =1 (q,r) - Sq. (g.r) = —7"(q,7) (¢.1) 2q: = —T 2
’Uya(q,T') ( ) Qz*( ) ( )( ) Q Q
b? ¢
= - _C %)
q Q-
as we defined N
qUc T Uy
=g (g1) = - (124)

Likewise, ¢ — gz = r implies (taking the derivative w.r.t. q): ¢, — ¢z, — 2 = 0 and (taking the

derivative w.r.t. r) ¢, — gz, = 1, so

SQC <q’T) =€~ Gz = (Cq — Cr2y 2q — ZTZ)

= (qzg+2—(qzr + 1) 2,2y — 2,2) = (q,1) (24 — 2,2)

(g, 1) (125)
q
Proposition 7.1 implies:
Uq (q,r) b C b <C
=z—71(q,7)-S;  (q,r)=2z—71"(q,7)(q,1) 2=
s (a.)- 85 (a.7) (@) (0.1):
- szCc
q

O

Proof of Elasticity relations (85) in the Mirrlees framework: Concrete values of the
general model in the misperception case Now consider the model with misperception. As
above, the extended good is ¢ = (¢, z), and the (generalized) price g = (1,q,Q, 1), and the budget

function is B (¢, q) = c1q1 — ¢aq2 = ¢ — qz, so that

Be(c,q) =(1,—q). (126)
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We use (40)

B B (¢, q°)
‘Tb_Bc(C,q) - BC(C,qS) .cr(qu)
- (17_q8) o . -
= (1,—q) — =0) (o 112 as c¢(q,r) = qz(q,r) +r gives ¢, = qz, + 1.
(17_(]3)
=-0)- 1+ (¢ —¢°) 2
= (g - ) (127)

q) — :
L+(g—¢°) 2
Next, recall (124),

Tb = Tb (q,’l“) ' (Q7 1)

- g - =D (a,1) T

I+ lg—) ] T 1+ (g—e)

T—7°
_ . 128
1—(r—719)1 (128)

q

using ¢ =1 — 7, ¢° =1 — 7°. Thus we have proven (86).

Next, we calculate (¢. We call e = (0,1) the vector singling earnings on the vector ¢ = (¢, z).

We apply (39) with p; = g, the price of earnings. We have:

T s Taqs
e-Si'=e-S"(pr)-p), (p,r) =2 20

z
= 5CC7Tmzz

e-SH = g(”mm. (129)

J
Next, using the notation D; of Proposition 7.1,

D; = —7"- 8 by (33)
= [Be (p,¢) — Bc (p°,0)] - S} by (41)
[(1,9) = (1,¢)] - S by (126)

= (q—qs)e-Sf as e = (0,1)
(

z
¢ =) ¢"'me by (129).

We record:

z
Dj=(q-1¢°) 5C°’Tmzz. (130)
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Next, we apply (37): S]C = Sf + ¢, D;, which implies:
e~S~C:e-S§I+e-cTDj
z n n

=—(C"m,,+-D;ase-c, =2z =—
q q

Z e Ui s
:_C’mzz<]—+_(q_Q))
q q

:z(l—nT_T >C”mzz asq=1—71,¢°=1—-71°
q q

Now, as (¢ = ‘e - S]C is the compensated earnings elasticity (see e.g. (125)):

¢ = ge . Sjo
z
e (1 " )gm (131)
q

Exactly the same reasoning (using then p; = ¢,«, and e - Sf = g(c’rmzz*) shows

c T—71° c,r
CQZ* = (1 -n q ) QU7 (132)
Hence, we have proven (85).

Proof of (87): Decision vs. Experienced utility model The agent’s optimization gives
qué + u$ = 0. Equation (124) gives:

S

Yz _
b qUc + Uy o Ue ug Uz

Uy Uy

Dirac / Double bar Notation for the proofs in the Mirrlees framework We define:
Co.. (1) =5 (1) +¢°(2) 02 (7).
Informally, this definition means that ECQZ is like (g, (z), but with an extra Dirac term when z = z*.

Proof of Lemma 11.1 We have
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SO

57” = 7", (Z) 6Z + 5T\ constant z — _Zq/ (Z) 52 + (5K - 25q2>
= —2R"0z2+ 0K — z0q,.

0z = z4(¢' (2) 6z + dq.) + / 20,.0q+dz" + 2,07
0

= gCuq/ (2) 6z + g(ufsqz + g / (5. 0qz+d2" + g (—2R"0z 4+ 0K — 20q.)
0

— 2R+ 2 G, Sqed + L (—2R"52 4 6K,
Q *
q qto q

SO =C =C
2 )57Cq. 0qd2 + 0K 2 [7 (g 0¢z-dz” + 0K

q+(7]_Cu)zR// q_CCZR//

For welfare v (¢, Q,ro,7), we have:

0z

o _ %(q’ (2) 0z + 6q.) + / %—z*éqz*dz* + o,
v U, o U
bc 00 b,c
=z (1 _T¢ ) (R"dz + 6q.) + z/ (—%) 0q.+dz* — 2R"0z + 0K — 20q.,
q 0

bc oo brc bc
6—U:z(—T< )R”(52+z(/ (—M> (5c1z*al,z*+<—7-C )5qz) + 0K,
Uy q 0 q q

7_b ,7_b 00 ¢
=0K — 2—C(°R" () 02 — —z/ Co..0q.-dz",
q q Jo :

7_b

=K — z; (CCR" (2) 0z —i—/ E;Z*(qu*dz*) .
0
[

Proof of Lemma 11.2 Observe that

h'(z) _ h(z)
q q— (2R (2)

so that ¢ — (°zR" (z) = & and
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We have

0T =06(2(1—q(2) =),
=(1-¢.)0z—2q () 6z — z0q, — or,
=(1—-4q.)0z—2R"02 — 20q, — (—2R"6z + 0K — 20q.),
=T (2)0z — 0K.

We also have

5L:5T+g(z)5—v,

Uy

:T'(z)5z+g(z)5—v—5K.

Ur
Using Lemma 11.1, we can rewrite this as

b

O Sqedzt + 10K 00 _,
o Co.0tds H K (5K—zT— ((CR” (2) 62+ / Z jqz*dz*)) K.
q 0 ?

q _ CCZRH

0L =T'(2)
Using equation (133) and Lemma 11.1, we can rewrite this as

B T (z) h* ¢\ h*—h
6L—{—1+g(z)+77 . %—’—9(2)(— . >77 h }5[(,

g(2)™° T (2) h* ¢\ h* —h = N
(P e (TE) ) [ Gt

* / = _7’:b = 00 _.
— () = o+ e T [T gy
where P T() -7 () ()
v(2)=g(2)+n . + . nh(z).
]

Proof of Proposition 11.1 We use the following notations:

q(2) :
= = T'(2)=7"(z =
Floo= [ G T8 e a:=F e+ 020,

We consider a change ¢, at z*. This leads to a lump-sum change K = 1,..+dq.-. Hence,
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Lemma 11.2 gives the change in the government objective function

* Tl _~b 00 .
L) = ((2) = D Lo+ o 2T [T e
0

The total change is

(SL:/OO(SL(z)h(z)dz,
oL —/:O (y(z)—l)h(z)dz—i—/ooo [—TI S (Z)ECQZ*} Ponz) e,

6q,z* N * q h
oL = >
= —F)+ [ 1=r@)he) e (134)
We also have oL ol _ .
S = ~90. —F () + /Z (1 —=7(2)h(z)dz. (135)

O

Proof of Lemma 11.3 Using Lemma 11.2, applied to a change dry to all agents, and slightly
generalizing, we find

L) = ()~ Do+ I Gy,

and 0L = [ 0L (z) h(z)dz should be 0.0

Proof of Proposition 10.1 Let us now solve for the optimal J, which ensures 22 = 0. We

9Q.+
can write
— 8875 :J(z*)—/* a(z)dz—b(z*)nL/* J(2)p(z)d-=. (136)
We use the notations
P =24 (137)
=(1—-g(z z) — zz—sz<C (2)—=h(z

)= (=)D = (-5 ) 0 )=o), (135)
b(2) = —F(z). (139)

a (z) is the effect of giving $1 to agent z (that’s the (1 — g (z)) h (z) term), corrected from distortions
from the non-linearity of the income tax.

F (z*) is the part impact on the government’s objective function of increase dq.~, coming from
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the distortions from perceptions

Fiey= [ [Tl . D0 @ = Py 4200 (225 ) w0 )

F (") = /0 ) {Céz* w] 2h* (2) dz.

We note that

a=(1—=~)h+pl (140)

We also have

J(z*):/:a(z>dz+b(z*)—/;J<z)p(z)dz,

J=—a+b+ Jp,
i [J (2)e” Jo p(s)ds] = ¢ Jo p(s)ds <_a (2) + b (Z)) ’

dz

J(Eye fir — oy [T e ot () - b)) 2,

J(2) = / eI o (a () — b ()) a2 (141)
Integrating by parts, we get

/ e~ Iz p(s)dsb (Z’) ds = [6_ Iz P(s)dsb (Z,)} +/ e—fzz p(S)dsp (Z,) b(zl) ds

=—b(z)+ /OO e J7 P)ds (Vb () d, (142)
J(z)=0b(2)+ /°° e )2 pts)as (a(2")—p(Z)b(2))d~. (143)

We can rewrite this as

J (") = -F (z") + /:O e~ [z plo)ds (a (2) + pF (z)) dz (144)
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Using

J(2%) = ¢ () 2*h* (2%) 1 T/T(,ZZ ]
and rearranging gives
¢ () eh () T Z(Z*) e >—/f° L o0y (2) P (2)
¢~ o plo)ds [ (2) (2)p(2)z (—Tb (2) ch(—(j))> h (2)} dz,

which can be rewritten to get the announced formula

") :

O

Proof of Proposition 10.2 We use (11.1):

oL _ " T =T E) e [T (TR =)
aTZ* - /Z* (1 —'7<Z))h(2) dZ—C (Z ) 1—T" (z*) 2*h (Z ) _/O CQz* (2)1_—,1_,,(2)Zh (Z) dz
:/ < g(z) —n(2) T,_ZE 22)) h(z)dz — (C(Z*)T EZ_)Z:,Z_Z*()Z )Z*h* (=)
/ ... ( Tll(z T >( >zh* (2) dz using (88)
H (2) < g ) - _; / ¢ () (Z)() (=) de.

Recall that

e}

[ a-HE) == HE) - - [ he) -z

20

=E[(z — 20) 1o52]

1
= ;E [’ZlZZZO] .
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Given the constraint that 7" (z) = 7 for z > zj, the FOC on 7 is: 0 = f;;o IL 2, i.e.
[e'¢) T = ] T — —=b
0 :/ oL .. = (1 G- T_) / (1-H(z))dee — "I B [21,0,]
- 8TZ 1-7/) )., 1—7 =
T (2) — (Z) .
_ T 1 —c?—g_Tb * T ()—-7() .
= (1—9—771_?> ;E [212220] —C 1_= ]E[lezz()] —A Cﬁ (Z) 1——1W(,Z)Zh (Z) dz
— — —} 00 ! ~b
_ T —e T—GT m e L(2)=7"(2) .,
—(1-g- - . ey L\ 7T ) ,
’ ( g ”1—?) T TF T ERiaL ), O T B
Hence, we have:
— 1 _ + c
T _ g ﬁ C 7Tg1 : (145)
1-7 ¢ +7
with
* e T'(2) —7(2) .
Z12>Z0 i 2 ( T’ (z) zh* (2) dz
— 7 (2) (2]
N i G2 2l ¢ ()] 2B
{ -7 } GO gRr)

B ¢ ) L2 ()|

* T/(Z) b(z) *
E[ Lo h()dz]
b
7 aty a+b

We can rewrite the equation as : = ——=, which gives 7 = ¢£, so that:

is a weighted average too.

where E? [¢ (2)] = % and E* [¢¢(2)] =

i

1—g—B+¢ngr
l—g-B+(m+7

?

12 Basic behavioral consumer theory with linear budget

constraints

12.1 Traditional theory: Recap

The objects in the traditional theory are e (p,u), v (p,w), h(p,u) = argmin.p - ¢ s.t. u(c) = u.
Let us prove the traditional relations — a warm up for the proof in the behavioral case.
Roy’s identity is proven as follows: v (p, w) = maxcu(¢) + A (w — P - €), 0 vy, = —Acj, vy = A,

SO:
U, + vy = 0. (146)
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Shepard’s lemma is proven as follows: The envelope theorem gives e, (p,u) = h (p, u), i.e.
. () = I, (147)
and differentiating once more gives:
Cpip; = Ny, (P, 1) = Sij. (148)
We have ¢ (p,w) = h (p,v (p,w)), which implies

Cp; = hyp, + hyuy,

Cy = huvw7
and because of Roy, we have Slutsky’s relation:
cp; +cucj =h, =8j,

ie.
C;j + ijcj = h;] = STJ (149)

12.2 Behavioral version with perceived prices

The sparse max demand

smaxu (€) s.t. pre<w
c|p®

of a behavioral agent perceiving prices p® (while true prices are p and the true budget is w) is:

c(p,p’,w)=c (p’, v (p,p° w)), (150)

where perceived budget w’ satisfies:

p-c (p°,w (p,p’,w)) =w. (151)

We call ¢" (p®,w’) the rational Marshallian demand under prices p* and budget w’.

We define v (p, p*,w) = u(ec(p,p’,w)). The expenditure function is e (p,p°®,u) = min, w
st. v(p,p’,w) > u. We define the Hicksian demand h (p,p°,u) = argsmax.ps —p - € s.t.
u(e) = u with perception p* by the agent, which gives h (p,p°®,u) = h" (p*,u). So ¢(p,p*,w) =
h" (p*,v (p,p*,w)).

Here we derive Shepard, Roy etc. for this behavioral model. This generalizes Gabaix (2014),

which derives similar relations under the assumption that p* = Mp + (1 — M) p®.
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We call

the rational Slutsky matrix, and S’ = (Sfj)izl , the vector of Slutsky sensitivities with respect to

price p;.

Proposition 12.1 (Generalized Shepard’s lemma) Given the function e (p,p®,u) = p-h" (p*, u),

we have:

€p; = Cj

ep: = (p—p°) - S}
Proof. We have: e (p,p®,u) = p-h" (p*,u), so

_pr
epj—hj—c]

eps =P hys (p°,u) = (P —P°) - by (P, 0)
Indeed, we have p°® - h" (p®,u) = 0. To prove this, observe that
q hi;j (q,u) = Z qihf]j = Z qihgi by symmetry
=0 as b’ (¢,u) is homogeneous of degree 0.

O

Proposition 12.2 (Generalized Roy’s identity). Given the function v (p, p®,w), we have:

Vp.:

2

VU

vpf_( s )'ST_DS
_p p J 77

Uw

.

=3 (0 —pi) S

To gain intuition for the term in Upss
J

1.€.

observe that:
vps + 0p° > 0 with dp® = 0.01 (p — p°).

This is, the agent is better off if his perceived price goes towards the true price.

Proof of Proposition 12.2

For a number @, we have the identity @ = v (p, p°, e (p, p®,w)) for all p, p°, w. Deriving w.r.t. p;
gives:

0 = vy, + Vwep; = Vp; + VuCj,
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by the behavioral Shepard’s lemma (Proposition 12.1).

Deriving w.r.t. p; gives:
0 = vps + Vweps = Ups + vy (P — P°) - S
again by the behavioral Shepard’s lemma (Proposition 12.1).0]

Proposition 12.3 (Marshallian demand) Given the consumption function ¢ (p, p®,w), we have:

Cp; = —CuCj (152)
e =8+, Dj =5 (153)
=8+ ¢, [(p°—p) - S]] (154)
= (1+cu(p’—p)) S’ (155)
i.e. c;)j = —c'c; and 0;5 = Si; + ¢, D3. In addition, ¢, = WCZ/ = 5Ly

The new term is cﬁuD; . To interpret it, consider again what happens if if the agent’s perceived

price goes towards the true price. dp® = x (p — p®), x > 0. Then,

de = cpsdp® = Sdp® + ¢, dE
dE = [(p* —p)-S"-dp’] > 0.

The extra term dF is positive: it’s as if the agent became richer. That creates in income effect, and
shift his consumption c¢,dFE. We can summarize: “If the agent’s perceived price goes towards the
true price, the agent is better off, and the consumer consumes as if she was richer”.

Proof. We have ¢ (p,p*,w) = h" (p*,v (p, p®,w)), which implies

cy = h vy, cp, = hyvy,. (156)

Because of Roy (v, + ¢jv, = 0), we have: ¢, +cy,c; = 0.

Also, ¢ (p, p*,w) = h (p*,v (p, p°*,w)) gives:

Cps (p,p°,w) = hpj + huvpj

’Up;

=S +ey

using ¢, = h, v,
w

= 8" + ¢, D; using Proposition 12.2.

p-c:U,(lps,w’)' Soc (p’ps7w) =c (ps’w/ (p’ps7w)),

We have (151): so p-crw,%—’f; =1, and %—% (p,p*,w) =

s _ ar Ow
we have ¢;, = ¢, 5.
O
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In the traditional model v (p, w) = max. u (¢)+\ (w — p - €) implies v,, = A. There is a deviation
here, as indicated below.

Proposition 12.4 (Envelope theorem, modified) Call X the Lagrange multiplier such that u' (¢) =

Ap®. We have:
v

71” =p°-cy (p,p’,w) =1+ (p° —p) - ¢, (P, P°, W).

Proof. We have:
p-c (p'w' (p,p’,w)) = w,
SO p-c;,%—lg =1, and
ow' 1
ow  p-c, (ps,w)
Also, given ¢ (p, p*,w) = ¢" (p*, v’ (p,p°,w))

ow' ¢, (p’w)

Cy = crw’ (ps’w/) ow - p- ¢, (ps w/)'

Next, given v (p, p*, w) = u (c® (p, p*, w)) we have:

T S / 8_ 'I"/ S !
Uw:ul(cs)'cw:Aps'Cw:)\ps-(M):)\p Cy (p7w)
p-c, (p*w) :

We can check that things are consistent: with u. = Ap°®,

Up; = uccpj = )\ps (1 + pr/) S; = )\pscwp/Sg = Uwplsg = UwD;"

Proposition 12.5 (Expenditure function — second derivatives) Given e® (p, p*,u) = p-h(p®,u), we
have

s
epipj =0
S _Qr

epipﬁ - Sij

epfp; = —Sz-nj + (p - ps) : hpfpj = —Sfj + Z (p’“ - pZ) h];fp?"
k

The first derivatives of the expenditure functions were calculated in Proposition 12.1.

128



Proof. Given e® (p,p*,u) = p-h(p®,u), we saw earlier in Proposition 12.1.
6;]. =n (p°, )
€y = (P —P°) - hy: (P°, 1) = - hyps (P, 0).

Differentiating more,

e =0 (157)

DPiPj
elsh'p'j = h;j (ps7u) =57 (158)

75
and as e;’;; =(p—p°) - h;;, (p*,u),

s _ 7 s k
Epsps = _hp§ + Z (Px = Ph) hpf-pj'

k

O

12.3 Representation lemma for behavioral models

The following Lemma means that the demand function of a general abstract consumer can be

represented as that of a misperceiving consumer with perceived prices p* (p, w).

Lemma 12.1 (Representing an abstract demand by a misperception). Given an abstract demand

c(p,w), and a utility function u (c), we can define the function:

P’ (p,w) = o0 (P 0)

Then, the demand function can be represented as that of a sparse agent with perceived prices
p* (p,w).
c(p,w) = ¢ (p,p* (p,w),w). (160)

Proof The demand of a sparse agent ¢® (p, p®, w) is characterized by u. (c® (p, p®,w)) = Ap®
for some A, and p-c= w. By construction, we have u. (¢® (p,p*,w)) = Ap® for p* = p®(p,w).
Hence, the representation is valid. We make a mild assumption, namely that given a e=c(p, w),
there’s no other ¢ with p-¢’ = w, u. (/) = ue (¢), and u (') > u (c). Otherwise, we would need to
consider another “branch” of the sparse max, namely a solution u, (¢*) = A\p® with ¢* - p = w with
A not necessarily the lowest value possible.[]

uc(c(p,w)) P’

We note that for any p® (p, w) = ku, (¢ (p, w)) for some k > 0, we have o — ey (indeed,

both are equal to —*=).

U Cw
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By contrast, the general model cannot in general be represented by a decision vs. experi-
enced utility model. Indeed, a decision utility model always generates a symmetric Slutsky matrix
SH (g, w), and this property does not hold in general for the general model. For example, the misper-
ception model with exogenous perception M;; (q,w) = m;1l{;—; features Sg (q,w) = S}; (q,w) m;.

Since S” (g, w) is symmetric, S (g, w) is not symmetric as long as there exists ¢ and j with m; # m;.

13 Complements on basic consumer theory with nonlinear

budget constraints

We give here complements to Section 7.

13.1 Rational agent

Primal is: v (p,w) = max.u(c) s.t. B(p,c) < w and demand ¢ (p,w). We can also define
e(p,u) = argmin, B (p,c) s.t. u(c) > uw and Hicksian demand h(p,w). We next derive the
traditional consumer relation with that non-linear budget constraint.

Shepard’s lemma: The envelope theorem gives

Epi (pvﬂ) = Bpj, (h (p,ﬂ) ,p)
epipj = Bpipj (h’ (puﬂ) 7p) + Bpic : hpj (p7ﬂ) .

(the last term is to be read: By hp, =32 Bp ., - h;’;). We note that By, - by, is symmetric.
Roy’s identity: © = v (p, e (p,@)), so 0 = vy, + vye,,, ie.

Vp;, = — Uy By, (161)

Given ¢ (p,w) = h (p,v (p,w)), we have ¢,, = h,vy, ¢,, = hy,, +h,v,, = h,, +cw% and because

of Roy, ¢,, = h,,, — ¢, B,,, i.e. the Slutsky relation for nonlinear budget constraints:
h, =c, +c,B,,. (162)
Finally, given B (¢ (p,w),p) = w,
B.c,, = —B,,, Bcc,, = 1. (163)
Premultiplying (162) by B, gives: Bch,, = Bec,, + BecywBp, = —B,, + B, =0,

Bch, = 0. (164)
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All in all, traditional consumer theory holds, replacing p by B..

13.2 Misperceiving Agent

We now study

v(p,p°,w) = sn‘laxu (¢) s.t. B(e,p) <w.
c|p®

(165)

We call ¢® (p,p°, w) the demand function. Recall that’s it’s characterized by u. (¢) = AB. (¢, p®)

for some A, and ¢ (p, p*,w) = " (p°,w’) for a w' that ensures

B(c’ (p,p°,w),p) = w.

Given B (¢ (p,p®,w),p) = w, we have (taking the derivatives w.r.t. p,p°, w):

B.c, = —B,
Bccps — 0
B.c, = 1.
where B. = B, (¢,p®), By, = By (¢, p°).
Likewise, B (¢ (p*,w') ,p®) = w’ gives
BiC;s - _B;s
BCC:U/ — 1

Define the rational Hicksian action
h" (p°, @) = arg mcinB (e,p°) st. u(e) >,
and the corresponding Slutsky matrix, and the perceived p°
Si = h;;: (ps’ﬂ)lﬂ:v(p,ps,w) '
Define the dual expenditure function
e (p,p*,u0) = s?'qpiénB (e,p) s.t. u(e) >

We have the simpler representation:

e(p,p’,u) = B(h" (p°,u),p).
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Proposition 13.1 (Shepard’s lemma, nonlinear and behavioral). Given the expenditure function
e(p,p®,u) = B(h" (p*,u),p), we have

ep, = Bpj
eps = (B.— By) - Sy

Proof. e (p,p*,w) = B (h" (p°,q),p) gives: ep, = By, and
as (164) gives Bihy. = 0. [J

Proposition 13.2 (Generalized Roy’s identity). Given the function v (p,p®,w), we have:

Up.

P B

Ve P

Yp; s r s
er :(BC_BC).SJZD]‘

v;s,_

- = Zz (B; — By) ng-

S
Vw

1.€.

Proof of Proposition 13.2

For a number %, we have the identity u = v (p, p°*, e (p, p*,u)) for all p, p*,u. Deriving w.r.t. p,
gives:
0 =vp, + vwep, = vy, + vy Bp,
by the behavioral Shepard’s lemma (Proposition 13.1).

Deriving w.r.t. pj gives:

0 = vps + Vwep: = Vps + Uy (Be —B;)- S

again by the behavioral Shepard’s lemma (Proposition 13.1).0

Proposition 13.3 (Marshallian demand) Given the Marshallian action ¢ (p, p®,w), we have:

Cp, = —Cu By, (170)
ij_ = S; + Cij-, (171)
i.e. ¢, =—B, ¢, and ci,j = 8"+, Ds.

Proof. We have ¢ (p, p*,w) = h (p*,v (p, p*,w)), which implies

cw = hyvy, cp, = hyvp,. (172)
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Because of Roy (vpj = —Bpjvw), we have: ¢,Bp = h,v,Bp = —h,vp = —cp, hence ¢p =
_Cprj-
Also, ¢ (p,p*,w) = h (p*,v (p,p*,w)) gives:

c(p,p’,w) = hps + hyvps
Ups |
= 8} + ¢,—* using ¢, = h,v,
Vw

= S) +cy [(Bi — B.) - S’T} using Proposition 13.2.

J

0

In the traditional model v (p,w) = max.u(c) + A (w — B (e, p)) implies v,, = A. There is a

deviation here, as indicated below.

Proposition 13.4 (Envelope theorem, modified) Call X the Lagrange multiplier such that u. (c) =
AB. (e, p®). We have:
”T“’ = Bic, = 1 + (B: — B,) cu, (173)

where B = B (¢, p®) and B. = B. (¢, p).
Proof. We have: v (p,p*, w) = u(c(p,p®,w)), so

Vg
— = —ucCy, = Bley,

A A
= B.c, + 1 — Bec, using Bec, = 1 from B (¢,p) = w

=1+ (B, — Be) ¢y.

0

13.3 Hybrid Model: Agent maximizing the wrong utility function with

the wrong prices

Suppose now an agent with true problem max.u(c) s.t. B(p,¢) < w but maximizes instead
smaxeps u° (¢) s.t. B(p,c) < w with both the wrong utility and the wrong prices. This is hybrid
of the two previous models.

In terms of decision (if not welfare), the agent is a misperceiving agent with utility u® and
perceived prices p°. Call v* (p,w) = u® (¢ (p,w)) and h"* (p*,u) = argmin. B (p°, ¢) s.t. u®(c) > u
the indirect utility function (of that misperceiving agent) and the rational compensated demand of

that agent with utility u°. Then, our agent has demand:
c(p,w) =h"*(p°(p,w),v° (p,w)). (174)
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Proposition 13.5 (Agent misperceiving both utility and prices) Take the model of an agent maz-
imizing the wrong utility function u®(c), with the wrong perceived prices p*. Call 8™ (p,w) =
hys (p° (p,w),v* (p,w)) the Slutsky matriz of the underlying rational agent who has utility u®, and
define

S; (p,w) = 8" (p,w) - p,, (p,w). (175)

ie. Si=) 4 Smakaf)) where %ﬁ@ is the matrix of marginal perception. Then,
J

C s U;j
S; (p,w) = 85 (p,w) + ¢, ey + B,

w

vy v,
H s pPj Pj
S (p,w) =S +cw(vs _E>
s Up,
Si(p,w) =c,, —c E
We can write
-D; = 0. 5;’
with:
—b s Uz Ue
T =(Be(p.e) = Be(P*0) + | 2~ ) (176)

Finally, B (p®,c)-S5 = 0.

This tax 7 is the sum of two gaps: between the prices and perceived prices (B. (¢, p) — B, (p*®, c))
, and between true utility and perceived utility (:—C — Z—:)

Proof. So, with M; = 8”;(;;’1”), and use ¢(p,w) = h" (p*,v* (p,w)):

cw (P, w) = hy vy,
S

v
cp, (p,w) = hy)? - M + hy*v; = S —i—cwv—i

w

Using (29) and (30) gives:

v
SJC = ij (pvw) + Cy (p7 w) Bpj (Cvp) = S; - Cw (U_i + Bpj)

H Up; (paw) s vj ;i (p,’LU>
S! :cpj(p,w)—cw(P7w)v—:Sj+cw( j v (pw) )

|
IS

We have

B. (p°,c) - S = B.(p’,c)-h" (p*,v°)- M; =0 as B.(p*,c)-h" (p*,v*) = 0.
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Recall also that :f—s: = AB. (p®, ¢) as the agent maximizes with perceived prices p*. Hence,
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